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EUCLID'S ELEMENTS.

BOOK I.

DEFINITIONS.

1. A roiNT is that which has no parts, or which has no
magnitude.

2. A line is length without breadth.

3. The extremities of a line are points.

4. A straight line is that which lies evenly between

its extreme points.

5. A superficies is that which has only length and

breadth.

S. The extremities of a superficies a e lines.

7. A plane superficies is that in whica any two points

being taken, the straight line between them lies wholly in

that superficies.

8. A plane angle is the inclination of two lines to one
another in a plane, which meet together, but are not in the
same direction.

1



2 ELiJLlUS ELEMENTS.

9. A plane rectilineal angle is the inclination of two
stmight lines to one another, which meet together, but are

Dot in tiie Slime straight line.

N"te. When several angles are at one point B, any
one of tliem is expressed by three letters, of which the

lettCT which is at the vertex of the angle, that is, at the

point at which the sti-aiglit lines that contain the angle

meet on : another, is put between the other two letters,

and one of these two letters is som.-wliere on one of

those straight lines, and the other letter on the other

straight lino. T!ms '".lO angle which is contained by the

/D

Ktraiglit lines AB, CB is mimed the angle ABC, or CBA
t)ie angle which is contained by the sLrai::ht lines AB, DB
IS named the angle ABI>. or DBA : and tiie angle which
is CDutained by the straight lines DB, CB is named the

angle DBC, or CBD but if there be only one angle at a

;.oiut, it may bo expressed i.v a letter r'oncd at that point;

as the angle at E.

10. When a straight line standing
on another straight line, makes thj adja-
cent angles equal to on<! another, eadi of
the angles is CMlled a right angle ; and
the straight line which stands on the
other is called a perpondicnlar to it.

11. An ol>tuse ingle is that which
is greater than a right angle.

12. An acnte angle is that which
K less than a ntilit an«le.
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13. A t©im or boundary is the extremity of any tliinjr.

14. A figure is that which is enclosed by one or more
boundaries.

15. A circle is a plane figure

contained by one line, which is

called tlie circumference, and is

such, that all straight lines drawn
from a certain \>o\tti within the

iigure to the circumference are

equal to one anotlier :

16. And this point is called the centre of the circle.

17. A diameter of a circle is a straight line drawn
through the centre, and terminated both ways by the cir-

cumference.

[A radius of a circle is a straight line drawn from tlie

centre to the circnrnfercnco-l

IS. A seuiitirc'.e is tlie figure contained by a diameter
and t!ie

|
art of the cireumfercnce cut off by the diameter.

19. ' A segment of a circle is the figure contained by a
straight line and tlie circumference wiiich it cuts (iff.

20. Rectilineal figures are those wliich me contiii ed
by atraiglit lines

;

21. Trilateral fi<ruros, or triangles, by tiirce straight

lines

:

22. Quadrilateral figures by four straight lines:

2.J. Multilateral figures, or polygons, by mere than
four straight lines.

24. Of three-sided figures,

An equilateral triangle is that whi« b
has three equal sides

:
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2u. An isosceles triangle is that

whick has two sides equal

:

26. A scalene triangle is that
which has three uneciual sides :

27. A right-angled triangle is that

•which has a right angle

:

[The side opposite to the right

angle in a right-angled triangle is fre-

quently called the hypotenuse.]

28. An obtuse-angled triangle is

that which has an obtuse angle :

29. An acute-angled triangle is

that which has three acute angles.

Of four-sided figures,

30. A square is that which has
all itfj sides equal, and all its angles
right angles

:

^. An oblong is that which has
- "\jigles right angles, but not all

' i equal

:

32. A rhombus is that which has

\ll iis sides equal, but its angles are

not right angles •
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33. A rhomboid is that wliich has

(ts opposite sides equ;d to one another,

but all its sides are not equal, nor its

auj^les rij^ht angles

:

34. All other four-sided figures besides these are

called trapeziums.

35. Parallel straight lines are such

as arf in the sime plane, and wliich

being produced ever so far both ways
do not meet.

\Note. The terms oblong and rlioiHhnd are not often

used. Practically the following definitions are used. Any
four-sided figure is called a quadrilaferal. A line joining

two opposite angles of a quadrilateral is called a diagonal.

A quadrilateral which has its oi)posite sides parallel is

called a paralwlogram. The words square and rhombus
are used in the sense defined by Euclid ; and the word
rectangle is used instead of the word oblong.

Some writers propose to restrict the word trapezium
to a q ladriluteral which has two of its sides parallel ; and
it would certainly be convenient if this restiiction were
universally adopted.]

POSTULATES.

Let it be granted,

1. That a straight line may be drawn from any one
point to any other point

:

2. That a terminated straight line may be produced to

any length in a straight line :

3. And that a circle may be described from any centre,
at any distance from that centre.
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AXIOMS.

1. Things which are equal to the same thing are equal

to one another.

2. If equals be added to equals the wholes are equal.

3. If equals be taken from equals the remainders are

equal.

4. If equals be added to unequals the wholes are

unequal.

5. If equals be taken from unequals the remainders

are unequal.

6. Things which are double of the same thing are

equal to one another.

7. Things which are halves of the same thing are

equal to one another.

8. Magnitudes which coincide with one another, that

is, which exactly fill the same space, are equal to one

another.

9. The whole is greater than its part.

10. Two straight lines cannot enclose a space.

11. All right angles are equal to one another.

12. If a straight line meet two straight Imes, so as to

make the two interior angles on the same side of it taken

together less than two right angles, these straight lines,

being continually produced, shall at length meet on that

side on which are the angles which are less than two right

angles.



PROPOSITION 1. PROBLEM.

To describe an equilateral triangle on a given finite

straight line.

Let AB be the given straight line: it is required to

describe an equilateral triangle on AB.

From the centre A, at the distance AB, describe the

circle BCD. [Postulate 3.

From the centre B, at the distance BA, describe the

avc\G ACE. [Postulated.

From the point C, at which the circles cut one another, draw
the straight lines CA and CB to the points A and B. [Post. 1.

ABG shall be an equilateral triangle.

Because the point A is the centre of the circle BCD,
AC'\?> equal to AB. [Definition 15.

And because the point B is the centre of the circle ACE,
BC is equal to BA. [Definition 15.

But it has been shewn that CA is equal to AB;
therefore CA and CB are each of them equal to AB.

But things which are equal to the same thing are equal to

one another. [Axiom 1.

Therefore CA is equal to CB.

Therefore GA, AB, BC a-re equal to one another.

Wherefore the triangle ABC is equilateral, [Bef. 24.

a^d it is descriheil on the given .•straight line A B. q.e.f.
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PROPOSITION 2. PROBLEM.
From a given point to draw a straight line equal to a

given straight line.

Let A be the given point, and BC tlie given straight

line : it is requirea to draw from the point A a straight

line equal to EC.

From the point A to i?draw
the straight line AB ;

[PoH. 1.

and on it describe the equi-

lateral triangle DAB, [I. 1.

and j^roduce the straight lines

DA, DB to E and F. [Post. 2.

From the centre B, at the dis-

tance BC, describe the circle

GGH, meeting Z>/^at G. [Post. 3.

From the centre Z>, at tho dis-

tance DG, describe the circle

GFL, meeting DEai L. [Post. 3.

AL shall be equal to BC.

Because the point B is the centre of the circle CGff,
BCis equal to BG. [Definition lo.

And because the jioint D is the centre of the circle GKL,
DL is equal to DG

;
[Definition 15.

and DA, DB parts of them are equal ;- [Definition 24.

tlierefore the remainder AL is equal to the remainder

BG. [Axiom 3.

But it has been shewn that BC is equal to BG ;

therefore AL and BCaxe each of them equal to BG.
l{ut things which are equal to the same thing are equal to

one another. [Axiom 1.

Therefore AL is equal to BC.

Wherefore from the given point A a straight line A L
has been drmcn equal to the given straight line BC. q.e.f.

PnOPOSITIOX 3. PROBLEM.
From the greater f>f two given straight lines to cut off

a part equal lo tlie less

Let A B and '''be the two given straight lines, of whi' t'
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AB is the greater: it is required to cut off from AB, the

greater, a part e(iual to C the les^-.

From the point A draw
the straight line AD equal

to C; II. 2.

and Iron the centre A, at

the distance AD, describe
the circle DEF meetingAB
at E. [Postulate 3.

AE shall be equal to C.

Because the point A is the centre of the circle DEF,
AE is equal to AD. [Definition 15.

But C is equal to AD. [Construction.

Therefore AE and Care each of them equal to AD.
Therefore ^^ is equal to C. [Axiom 1.

Wherefore from AB the greater oftico given straight

lines a part A E has been cut off equal to C the less, q.e.f.

PEOPOSITION 4. THEOREM.

If two triangles have two sides of the one equal to two
sides of the other, each to each, and have also the angles

contained bg those sides equal to one another, they shall

also have their bases or third sides equal; and the two

triangles shall be equal, and their otiier angles shall be

equal, each to each, namely those to which the equal sides

are opposite.

Let A BC,DEF be two triangles which have the two sides

^5,^Cequal to the two sides DE, DF, each to each, namely,

AB io DE, and AC to

DF, and the angle BAG
equal to the angle EDF

:

the base ^Cshall be equal
to the base EF, and the
triangle ABC io the tri-

angle DEF, and the other

angles shall be equal, each
to each, to which the equal
sides are opposite, namelj', the angle ABC to the ang
DEF, and the angle ACB to the angle DFE.
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For if the triangle ABC be applied to the triangle DEF,
so that the point A may be ou the poiut X>, and the

straight line AB on the

straight line DE, the

point B will coincide with

the point E, because AB
is eipial to DE. [Hyp.

And, AB coinciding with

DE, AG wiW fall on DF,
because the angle BAG ^ C E F

is ec^ual to the angle EDF. [Hypnthesis.

Thei-efore also the point C will coincide with the point F,
because ^ C is e(iual to DF. [Hypothesis.

But the point B was shown to coincide with the point E^

therefore the base i5Cwill coincide with the base EF;
because, B coinciding with E and C with F, if the base BG
docs not coincide with the base EF, two straight lines will

enclose a space ; which is impossible. [Arium 10.

Therefore the base BC coincides with the base EF, and is

equal to it. [Axiom 8.

Therefore the whole triangle ABC coincides with the whole

triangle DEF, and is equal to it. [Axiom 8.

And the other angles of the one coincide with the other

angles of the other, and are equal to them, namely, the

angle ABC to the angle DEF, and the angle ACB to the

angle DFE.
Wherefore, if two triavgles &c. q.e.d.

PROPOSITION 5. THEOREM.

The angles at the base of an isosceles triangle are equal
to one another; and if the equal sides be produced the

angles on the other side of the base shall be equal to one
another.

Let ABC be an isosceles triangle, having the sMe AB
equal to the side AG, and let the straight lines AB, AC
be produced to D and E : the angle .4SC shall be e(|ual to

the angle ACB, and the angle GBD to the angle B(F.

In BD take any point F,

find from .4 ^ the greater cut off^ (? equal to^i^the less, [1.3.
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and join FL\ GB.
Because A F\s equal toA G, [Constr.

and AB to AC, [Ilypothesvi.

tlie two sides FA. ACare equal to the

two sides GA, AB, each to each ; and
they contain tlie angle FAG common
to tlie two triangles AFC, AGB;
therefore the base FCis e(jual to the

base GB. and the triangle AFC to

the trianule A GB, and the remaining
angles of the one to the remaining
angles of the other, each to each, to

which the equal sides are opposite,

namely the angle A CF to the angle A BG. and the angle
AFC to the angle AGB. [I. 4.

And because the whole ^^ is equal to the whole AG.
of which the parts AB, AC tare equal, [Hypothesis.

the remainder BF is equal to the remainder CG. [Axiom 3.

And FC was shewn to be equal to GB
;

therefore the two fides BF, FC are equal to the two sides

CG, GB, each to each

;

and the angle iJ/'Cwas shewn to be equal to the angle CGB
;

therefore the triangles BFC, CGB are equal, and their

other angles are equal, each to each, to which tlie equal
sides are opposite, namclv the angle FBC to the angle
GCB, and the angle BCF'to the angle CBG. [I. 4.

And since it has been shewn that the whole angle ^Z>r/
is equal to the whole angle ACF,
and that the parts of these, the angles CBG, BCF are also

equal
;

therefore the remaining angle ABCi& equal to the remain-

ing angle ACB, whicli are the angles at the base of the
triangle ABC. [Axiom 3.

And it has alsii been shewn that the angle FBC is

equal to the angle GCB, Mhich are the angles on the other
side of the base.

Wherefore, f.'if angles i-c. q.e.d.

Corollary. Hence every equilateral triangle is also

equi.Mi-ular.
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LI. 3.

PROPOSITION 6. THEOREM.

If two angles of a triangle he equal to one another, the

aides also which subtend, or are oppo-

site to, the equal angles, shall be equal

to one another.

Let ABC be a triangle, haviig the

angle ABC equal to the angle A CB : the

side AC shall be equal to the side AB.
For ii AC be not equal to AB, one

of them must be greater than the other.

Let AB hQ the greater, and from it

cut off DB equal to ACihe less,

and join DC.
Then, because in the triangles DBC, A CB,
DB is equal to AC, [Construction.

and BC is common to both,

the two sides DB, BC are equal to the two sides AC, CB,
each to each

;

and the angle DBC is equal to the angle A CB ;
[Hypothem.

therefore the base DC is equal to the base AB, and the
triangle DBC is equal to the triangle ACB, [I. 4.

the less to the greater ; which is absurd. [Axiom 9.

Therefore AB is not unequal to AC, that is, it is equal to it.

Wherefore, if two angles &c. q e.d.

Corollary. Hence every equiangular triangle is also

equilateral.

PROPOSITION 7. THEOREM.
On the same ba-s-e, and on the same side of it, there can-

not he two triangles having their
side.t v'hirh are terminated at one
extremity if the base eqtial to one
another, and likeicise those which
are terminnied at the other ex-

tremity equal to one another.

If it be possible, on the same
l»ase AB, and on the same side of

it, let there be two triangles .ICB,
ADB, having their .sides CA, DA,
which are terminated at the extremity A of the base, equal
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t,i< one another, and likewise their sides 6'/>, DB, which are

terminated at B equal to one another.

Join CD. In the i-ise in which the vertex of each feri-

angle is without the otlier triangle
;

because ^Cis equal to AD, [Hypothesis,

the angle ACD is equal to the angle ADC. [I. 5.

But the angle ACD is greater than the angle BCD, [Ax. 9.

therefore the angle ADC is also greater than the angle

BCD;
much more then is the angle BDC greater than the angle

BCD.
Again, because BG \?> equal to BD, [Hypothesis.

the angle BDC is equal to the angle BCD. [1. .';.

But it has been shewn to be greater ; which is impossible.

But if one of the vertices as

D, be within the other triangle

ACB, produce AC, AD to E. F.

Then because AC \s equal to

AD, in the triangle ACD, [Hyp.

the angles BCD, FDC, on the

other side of the base CD, are

equal to one another. [1.5.

But the angle BCD is greater

than the angle BCD, [Axiom 9.

therefore the angle FDC is also greater than the angle
BCD;
much more then is the angle BDC greater than the angle
BCD.
Again, because BCh equal to BD, [Hypothesis.

the angle BDC is equal to the angle BCD. [I. 5.

But it has been shewn to be greater ; which is impossible.

The case in which the vertex of one triangle is on a side

of the other needs no demonstration.

Wherefore, on the same base &c. q.e.d.

PROPOSITION 8. THEOREM.
Tf two triangles have two sides of the one equal to two

sides of the other, each to each, (ittd have likewise their
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bases equal, the angle which is contained hy the two sides

of the one b/uiil be equal to the angle tchich is contained by
the two sides, eqiud to them, of the other.

Let ABC, DEF be two triangles, having the two sides
AB, ^C equal to the two sides DE, DF, each to each,
namely AB to DE. and AC to DF, and also the base BC
equal to the base EF: the angle BAC shall be equal to the
\f'gle EDF.

'^'

For if the triangle ABC\>Q applied to the triangle DEF,
so that the point B may be on tlie point E, and the straight

line BC on the straight line EF, the point C will also coin-

cide with the point F, because BC is equal to EF. [Hi/p.

Therefore, BC coinciding with EF, BA and AC will coin-

cide with ED and DF.
For if the base BC coincides with the base EF, but the

sides BA, CA do not coincide with the sides ED, FD, hwx

have a different situation as EG, FG ; then on the same
base and on the same side of it there will be two triangles

having their sides which are terminated at one extremity
of the base equal to one another, and likewise their sides

which are terminated at the other extremity.

But this is impossible. [I. 7.

Therefore since the base BC coincides with the base EF,
the sides BA, AC nmst coincide with the sides ED, DF.
Therefore also the angle BAC coincides with the angle
EDF, and is equal to it. [Axiom 8.

Wherefore, if two triangles &c. q.e.d.

PRO-?OSITION 9. PROBLEM.

To bisect a given rectilineal angle, that is to ditide it

into two eqicaf angles.
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Let BAG he the given rectilineal

angle : it is required to bisect it.

Take any point D in AB, and
from AC cut off AB equal to

AD; [L 3.

join BE, and on BE, on the side

remote from A, describe the equi-

lateral triangle DBF. [I. 1.

Join AF. The straight line AF shall bisect the angle BAG.
Because AD '\& ecjual to AE, [Cmistruction.

and AF'xs common to the two triangles DAF, EAF,
the two sides DA, AF mg equal to the two sides EA, AF,
each to each

;

and the base DF is equal to the base EF ; [Definition 24.

tliereiore the angle DAF is equal to the angle EAF. [I. 8.

Wherefore the given rectilineal angle BAG is bisected

by the straight line AF. q.e.f.

PROPOSITION 10. PROBLEM.
To bisect a given ^finite straight line, that is to divide it

into two equal parts.

Let ylB be the given straight

line : it is required to divide it ijito

two equal parts.

Descril)e on it an equilateral

triangle ABC, [I. 1.

and bisect the angle AGB by the
straight line CD, meeting AB at

D. [!.9.

AB shall be cut into two equal parts at the point D.

Because ^C is eqiial to GB, [Definition 24.

and CD is common to the two triangles AGD, BGD,
the two sides AG, GD are equal to the two sides BC, CD.,

each to each
;

and the angle A CD is ecinal to the angle BCD
;

[Constr.

therefore the base AD n &\\\a\ to the base DB. [I. 4.

WJiercforc the given straight line AB is divided into

two eqiicJ parts at the point D. q.e.f.
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PKOPOSITION 1]. PROBLEM.

To draw a straight line at right angles to a given

straight Hue, from a gicen p
point in the same.

Let AB be the given

straight line, and C the given

] 'oint in it : it is required to

i.raw from the point C a

straight line at riglit angles

to JB.
Take any point D in AC, and make CE equal to CD. [T. 3

On DE describe the equilateral triangle DFE, [I. 1.

and join CF.

The straight line CF drawn from the given point C shall

be at right angles to the given straight line AB.

because DC is equal to CE, [Comtruction.

and CF'va connnon to the two triangles DCF, ECF

;

tlie two sides DC, CF are equal to the two sides EC, CF-
each to each

;

and the base DF is equal to the base EF; [Definition 24.

therefore the angle DCF is. equal to the angle ECF; [I. 8.

and they are adjacent angles.

But when a straight line, standing on another straight

line, makes the adjacent angles equal to one another, each
t.f the angles is called a right angle

; [Definition 10.

therefore eacli of the angles DCF, ECF is a right angle.

Whereforeyrom the given jioint C in the gicen straight

line AB, CF has been draicn. at right angles to AB. q.e.f.

Corollary. V>\- the help of this problem it may be shewn
that two strai;4hL lines cannot

liavc a connnon segment. E

If it be possible, let the

two straight lines A Bt ', ABD
have the segment AB com-
mon to both of them.

From the point B draw
.5£^ at riglit augle-s to ^i^.

" ^j o

Then, licc ;Vise ABC is a straight line, [Hypo hesia,

the angle CBE is equal to the ixu^^laEBA [Definition 10.
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Also, because ABD is a straight line, [Hypothesis.

the angle DBF is equal to the angle EBA.
Therefore the angle DBE is equal to the angle CBE, [Ax. 1.

the less to the greater ; which is impossible. [Axiom 9.

Wherefore two straight lines camiot have a common
segment.

PROPOSITION 12. PROBLEM.
To draw a straight line perpendicular to a given

straight line of an unlimited length, from, a given point
without it.

Let ABha the given straight line, which may be pro-
duced to any length both ways, and let 6' be the given point
without it : it is required to draw from the point C a
straight line perpendicular to AB.

Take any point D on
the other side of AB, and
from the centre C, at the
distance ('D, describe the
circle EGF, meeting AB at

F and G. [Postulate 3.

Bisect EG at II, [I. 10.

and join CIl.

The straight line CH drawn from the given point C
sliall lie perpendicular to the given straight line AB.

Join CF, err

liccause F// is equal to HG, [Construction.

nnd HC is common to the two triangles FHC, GHC;
Llie two sidos FIT, HG are equal to the two sides Gil, HC,
each to eaeli ;

:!nd the base Ct is equal to the base CG ; [Definition 15.

Uierefore the angle CHF is equal to tlie angle CHG
;

[I. 8.

and they are adjacent angles

But when a straight line, standing on another straight line,

makes the adjacent angles equal to one another, each of the
angles is called a right angle, and the straigiit line which
stands on the other is called a perpendicular to it. [Bef. 10.

Wherefore a perpotdicidar CH has been drawn to

the given straight line AFfrom the given point C with-
'•'Ut it. QjE.r.
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PEOPOSITION 13. THEOREM.

The angles ichich one straight line makes with another
straig/it line mi one side of it, either are two right angles,

or are together equal to tu'o right angles^

Let the straight line AB make with the straight lino

CD, on one side of it, the angles CBA, ABD : these either

are two right angles, or are together equal to two right

angles.

F'or if the angle CBA is equal to the angle ABD, each
of them is a riglit angle. [Definition 10.

But if not, from the point B draw BE at right angles tt.

CD; [I. 11.

therefore the angles CBE, EBD are two right angles.[Z)p/.10.

Now the angle CBE is eqiial to the two angles CBA, ABE

;

to each of these equals add the angle EBD
;

therefore the angles CBE, EBD are equal to the three

angles CBA, ABE, EBD. [Axiom 2.

Again, the angle DBA is equal to the two angles DBE,
EBA;
to each of these equals add the angle ABC;
therefore the angles DBA, ABC are equal to the three

angles DBE, EBA, ABC. lAxiom 2.

But the angles CBE, EBD have been shewn to be equal

to the same three angles.

Therefore the angles CBE, EBD are equal to the angles

DBA, ABC [Axiom 1.

I3ut CBE, EBD are two right angles

;

therefore DBA, ABC arc together equal to two right

angles.

Wherefore, </"J atiglf-s &c. aE.D.
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PROPOSITION 14. THEOREM.

If, at a point in a straight line, two other straight lines,

on the opposite sii/c.s <>/' it, make the adjacent angles toge-

ther equal to tto right angles, these two straight lines

shall be in ojie and tlte sa)ne straight line.

At the point B in the straight line AB, let the two

straight lines BC, BD, on the opposite sides of AB, make
the adjacent angles ABC, ABD together equal to two

right angles: i?^ shall be in the same straight line with GB,

For if BD be not in a
the same straight line with

CB, let BE be in the same
straight line with it.

Then because the straight

line AB makes with the

straight line CBE, on one
side of it, the angles ^j5C, c b'" D
ABE, these angles are to-

gether equal to two right angles. [I. 13.

Hut the angles ABC, ABD are also together equal to two
right angles. [Hypothesu.

Therefore the angles ABC, ABE are equal to the angles
ABC, ABD.
From each of these equals take away the common angle
ABC, and the remaining angle A BE is equal to the remain-
ing angle ABD, [Axiom 3.

the less to the greater ; which is impossible.

Therefore BE is not in the same straight line with CB.

And in the same manner it may be shewn that no other
can be in the same straight line with it but BD

;

therefore BD is in the same straight line with CB.
y^herefore, if at a point &c. q.e.d.

PROPOSITION 15. THEOREM.

If two straight lines cut on§ another, the vertical, or
opposite, angles shall be equal.

V
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Let the two straight lines AB, CD cut one another at

the point ^; the angle AEG shall be equal to the angle

DEB, and the angle CEB
to the angle A ED.

because the straight line

^^ makes with the straight

line CD the angles CEA,
AED,i\\Q?,e angles are toge-

ther equal to two right angles. [I. 13.

Again, because the straight line DE makes with the straight

line AD Uio angles A ED, DEB, these also arc together
equal to two right an;;les. [1. 13.

Hut the angles CEA, AED have been shewn to be toge-

ther equal to two right angles.

Therefore the angles CEA, AED are equal to the angles

A ED, DEB.
From each of these equals take away the common angle
AED, and the remaining angle CEA is equal to the re-

maining angle DEB. [AxiomZ.

In the sa '10 inauiicr ;!, m v be shewn that the angle

CEB is equal to the an-lo AED.
Wherefore, if tiro straight lines &c. q.e D.

Corollary 1. From this it is manifest that, if two straight

lines cut one another, the angles which tlit-y make at the

point where they cut, are together equal In four right angles.

Corollary 2. Ami co!iso(iuently, that all the angles made
by any number of straight lines meeting at one point, are

together equal to four right angles.

PROPOSITION 1'^. THEOREM.

If one side of a trimvde he }>rodured, the exterior angle

shall he greater than either of the interior ojipositc angles.

Let ABC be a triangle, and let one side BC be pro-

flnceJ to D : tlie e.Ktcrior angle ./rZ* shall be greater than

either of the interior opposite angles CBA, BAC
Bisect AC at E. [I. 10.

join BE and produce it to F, m.akiiig EF equal to EB, [I. 3.

and join FC
Because AE is equal to EC, and BE to EF

;
[Constr.

the two sides AE, EB sue equal to the two sides CE, EF
"*ich to each

;
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and tlie angle AEB is equal to the angle CEF^
because they are opposite ver-

tical angles
;

[I. 15.

therefore the triangle AEB
is eqiiiil to the triangle (JEF,
and the remaining angles to

the remaining angles, each to

each, to -which the equal sides

are opposite
;

[I, 4.

therefore the angle BAE is

equal to the angle EOF.
But the angle ECD is greater
than the angle ECF. [Axiom 9.

Therefore the angle ACD is greater than the angle BAE.
In the same manner if ^6' be bisected, and the side AC

be produced to G, it may be she^vn that the angle BCG,
that is the angle ACD, is greater than the angle ^^C. [1. 15.

Wherefore, if one side Sec. q.e.d.

PROPOSITION 17. THEOREM.
Any two angles of a triangle are together less than two

right angles.

Let ABC be a triangle : any
together less than two right angles.

I'roduce BC to D.

Then because ACD is the exte-

rior angle of the triangle ABC, it

is greater than the interior oppo-

site angle ABC. [I. 16.

To each ofthese add the angleJ CB
Therefore the angles ACD, ACB
are greater than the angles AB(\ ACB.
But the angles ACD, ACB are together equal to two right

angles. [I- 13.

Therefore the angles ABC, ACB are together less than

two right angles.

In the same manner it may be shewn that the angles

BAC, ACB, as also the angles CAB, ABC, are together

less than two right angles.

Wherefore, any two angles &c. q.e.d.

two of its angles are
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PROPOSITION 18. THEOREM.

The greater side of every triangle has the greater

angle opjwsite to it.

Let ABC be a triangle, of which the side ^Cis greater

than the side AB : the angle ABCis also greater than the

angle ACB.
Because AC is greater than

AB, make AD equal to AB, [I. 3.

and join BD.
Then, because ADB is the ex-

terior angle ot the triangle BDC,
it is greater than the interior op-

posite angle BCB. [I. 16.

But the angle ADB is equal to the angle ABD, [I. 5.

because the side AD\?> equal to the side AB. {Constr.

Therefore the angle ABD is also greater than the angle

ACB.
Much more then is the angle J5C greater than the angle

ACB. • [Axiom 9.

Wherefore, the greater side &c. q.e.d.

PROPOSITION 19. THEOREM.

The greater angle of every triangle is subtended hy the

greater side, or has the greater side opposite to it.

Let ABC be a triangle, of which the angle ABC is

greater than the angle ACB : the side ^C is also greater

than the side AB.
For if not, AC must be either

equal to AB or less than A B.

But ACis, not equal to AB,
for then the angle ABC would
be equal to the angle ylC5; [I. .5.

but it is not

;

[Hypothesis.

therefore ^Cis not equal to AB.
Neither is yJCless than AB,
for then the angle ABC would be less than the angle

ACB; [L IS.

but it is not j
[//i/puthe.-is.
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therefore AC'i?, not less than AB.
And it has been shewn that AG is, not equal to AB.
Therefore ^Cls greater than AB.

Wlierefore, the greater angle &c. q.e.d.

PROPOSITION 20. THEOREM.

Any two sides of a triangle are together greater than
the third side.

Let ABC be a triangle : any two sides of it are together

greater than the third side

;

namely, BA, AG greater than

BG ; and AB, BG greater than

AG ; and BG, CA greater than
AB.

Produce BA to Z>,

making AD equal to AG,
and join DC.

Then, because ^1D is equal to A C, [Construction.

the angle ADC is equal to the angle AGD. [I. 5.

But the angle BCD is greater than the angle AGD. [Ax. 9

Therefore the angle BCD is greater than the angle BDG.
And because the angle BCD of the triangle BCD is

greater than its angle BDG, and that the greater angle is

subtended by tlie greater side
;

[I. 19.

therefore the side BD is greater than the side BG.

But BD is equal to BA and AC
Therefore BA, AC are greater than BG.

In the same manner it may be shewn that AB, BG are

greater than AC, and BG, CA greater than AB.
Wheref:)!-L', any two sides &c. q.e.d.

PROPOSITION 21. THEOREM.

Iffrom the ends of the side of a triangle there he drawn
tico straight lines to a point within the triangle, these

shall be less than the other ttco sides of the triangle, hut
ihfll t:r\n.tain a greater angle.
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E.

Let ADC be a triangle, and from the points B,G,
the ends of the side BC,
let the two straight lines

BD, CD be drawn to the
point D witiiin tliC trian :le:

BD, DC shall be less

than the other two sides
BA, AC of the triangle,

but shall contain an angle
BDC greater tlian the
angle BAC.

J^oduce BD to meet AC .

Becanse tAvo sides of a tiiangle are jrveater ^an the
third side, the two sides BA, AE u{ the triangle ABE are
greater tlian the side BE. [I. 20.

To each of these add E' '.

Therefore BA, AC nvv greater than BE, EC
Again ; the two sides CE, ED of the triangle CED arc
greater tliau the third side CD. [I. 20.

To each of these add DB.
Therefore CE, EB are greater than CD, DB.
Hut it has been shewn that BA, AC are greater than
BE, EC

;

much more then are BA, AC gredcv than BD, ]><'.

Again, because the exterior angle of any triangle is

greater than the interior opposite angle, the exterior

aiiirle BDC of the trianirle CUE is greater than the angle

CED.
'

[I. 16.

For the same reason, the exterior angle CEB of the tri-

angle ABE is greater than the angle BAE.
out it has been shewn that the angle BDC is <rreater than
,;ie angle C^5;
.:iuch more then is the angle BDC greater than the angle
BAC

Wherefore, iffrom the ends &c. q.e.d.
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• PKOPOSITION 22. PROBLEM.

To make a tr'nmgle of ivhlch Ihe skies shall he equal to

three given slrahjJit lines, but axij iir > irliateccr </ these

must be /jj'ruler than the tliu'd.

Let A. Ij, Cbc tlio three given sUmi lit lines, cf wliicli

•iy two wliatevcr are greater than the third; niinely,

i and B j_reater than 6'; A and C greater than B ; and
} and 6' greater than A : it is recinircd to make a triangle

f which tlio sides slia.l be equal to A, B, C, each to each.

Take a straight line

DE terminated at the

oint />, but unlimited
luards E, and make

I)F equal to A, FG
;qu il to B, and GH
(liial to C. [r. 3.

rom the centre F,
o the distance FD,
scribe the circle

)KL. [Post. a.

nun the centre G, at the distance GH, describe the circle

LI\, cuttii:;j" the former circle at A'.

Ilia /.'/•", KG. The triangle KFG sh:ill have its sides
^ii: i tu tiie three straight lines A, B, C.

iiecausc the point /"" is tlie centre of the circle DKL,
"l> is ecjual to FK. [Dejiidtion 15.

at FD is equal to A. [Construction.

i iiercfore FK is Cijual to A. [Axiom 1.

A train, because the point G is the centre of tlie circle IILK,
(Jll\^ eijual to (JK.

lint Gil is equal tu C.

'I lien, foro GK is eiiual to C.

And FG is equal to B.

Therefore the three straig-it

to the three A, B, C.

Wherefore the trian<ili-

KF. FG, GK eqm,
A, B, C. Q.E.F.

[ ''cjlaitlon 1').

{"nvxtructi-^ri.

[Aximv. 1

[, 'oiislrnciittii

lines ///% l'(J, GK are equal

I\ I' r h'ls- its three sidec
to the three given straight lines
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' PROrOSITION 123. PROBLEM.

At a gh'^en point in a given straight line, to make a
rectilineal angle equal to a given rectilineal angle.

Let AB be the given straight line, and A the given
point in it, and DCE tlie given rectilineal angle : it is

required to make at the given point A,m the given straight
line AB, an angle ecjual to tlie given rectilineal angle
DCE.

In CD, CE take any
points D, E, and join DE.
Make the triangle AFG the

sides of which shall be equal

to the three straight lines

CD, DE, EC • so tliat A F
shall be equal to CD, AG to

CE, and FG to DE. [I. 22.

The angle FAG shall bf

equal to the angle DCE.
Because FA, AG are ec^^nal to DC, CE, each to each,

and the base FG equal to the base DE
;

{Construction.

therefore the angle FAG is equal to the angle DCE. [I. 8.

Wherefore at the given point A in the given straight

line AB, the angle FAG has been made equal to the given

rectilineal angle DCE. q.e.f.

PROPOSITION 24. THEOREM.

If two triangles liare two sides of tlie one equal to tico

sides of tlie other, each to each, hut the angle contained by

the ttco sides of one of them greater than the angle con-

tained by the tico sides equal to them, of the other, the base

of that tchich has the greater angle shall he greater than

the base of the other.

Let ABC, DIJF 1>c two triangles, wliicii have the two
sides AB, AC, (.quiil to the two sides DE, DF, eacli to

each, namely, AB to DE, and AC to DF, but the anglt

Z?J (7 greater than the angle EDF: the base BC shall be
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greater tlian the base

Of the two sides

DE, JJF, let DE be
the side which is nut
greater than theotlicr.

At the point D in

tlie straight line DE,
make the angle EDG
eciual to the angle

BAG, [I. 23.

and make DG equal to ^C or DF,
and join EG, OF.

Because ^i> is equal to DE,
and AC to DG ;

[1.3.

{Hypothesis.

[Cotis/rucdon.

the two sides BA, AC are cqiinl to the two sides ED, DG,
each to each

;

and the angle BAC is equal to the angle EDG
;

[Constr.

therefore the base BC is equal to the base EG. [I. 4.

And bec.iuse DG is equal to DF, [Constmctiov.

the angle DGFh equal to the angle DFG. [I. 5.

But the angle DGF is greater than the angle EGF. \Ax 9.

Therefore the angle DFG is greater than the angle EGF.
Much more then is the angle EFG greater than the angle

FIGF. \_Ax\nm 9.

And because the ancle EFG of the triangle EFG is

greater than its angle EGF. and that the greater angle is

subtended by the greater side, .
[I. 19.

therefore the side EG is greater than the side EF.
But EG was shewn to be eciual to BC

;

therefore BC is greater than EF.

Wherefore, if tn-n triangles &c. q.e.d.

PROPOSITION 2.5. THEOREM.

If two trianrjlcs hare two .^i</f>! <tl' the oitf equal to ttnn

iides L>f' the other, each to each, but the base of the one
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greatrr than the base of the other, the angle contained hy
the sides of that which has the greater base, shall be

greater than the angle contained by the sides equal to

them, of the other.

Let ABC, DEF be two triangles, wliich have the two
sides AB, AC equal to the two sides DE, DF, each to

each, namely, AB to DE, and AC to DF, but the base
BC greater than the base EF : the angle BAG shall

be greater than the angle
EDF.

P'or if not, the angle
^^ Cmust be either equal
to the angle EDF or less

than the angle EDF.
But the angle BAC m not
equal to the angle EDF.
for then the base BC
would be equal to the base EF', [I. 4.

but it is not

;

[JRypotkesis.

therefore the angle BAC\?: not equal to the angle EDF.
Neither is the angle BAC\e,?>% than the angle EDF,
for then the base i?C would be less than the base EF ; [1. 24.

but it is not

;

[Hypothesis.

therefore the angle BACis not less than the angle EDF.
And it has been shewn that the angle BAC is not equal

to the angle EDF.
Therefore the angle BAC'i?, greater thnn the angle EDF.

Wherefore, if two triaii(iU:i Aic. q.e d.

PROrOSTTION iC^. THEOREM.

If two triangles ham tico angles of the one equal to two
angles (f the other, earh to each, and one side equal to

one side, iKunebj. either the sides adjacent to the equal
angles, or sides which are opposite to equal angles in each,

then shall the other sides be equal, each to each, and also

the third angle of the one equal to the third angle of the

other.

Let ABC, DEF be two triangles, which have the

angles AB(\ B<'A equal to the angles DEF, EFD, each
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\Gonstruclicm.

[JTy2wthe.iis.

to eaoli, namely, A BC to DEF, and BHA to EFJ) ; and
let tliciii have also one side equal to one side ; and first let

those sides be e(inal wliicli are adjacent to tlie equal angles

in tiie two triangles, namely, BC to EF: tlie other sides

shall be equal, each to each, namely, AB to DE, and
A C to DF, and the third

angle BAC e(]ual to the A
third angle EDF.

For if AB be not
equal to I)E. one of them
must be greater than the
other. Let AB he the
greater, an I make BG
etjual to DE, [I. 3.

and join GC.

Then because GB is equal to DE,

and BC to EF
the two sides GB, BC are equal to the two sides DE, EF,
each to each

;

and the angle GBC is equal to the angle DEF ;
[ffi/pothesis.

therefore the triangle GBC \s equal to the triangle DEF,
and the other angles to the other angles, each to each, lo

which the equal sides are opposite; [I- 4.

therefore the angle GCB is equal to the angle DFE.
But the angle DFE is equal to the angle ACB. [Hi/pnthesis.

Therefore the angle GCB is equal to the angle ACB, [^x. 1.

the less to the greater ; which is impossible.

Therefore AB is not unequal to DE,

that is, it is equal to it

;

and BC is equal to EF

:

[Hypothesis.

therefore the two sides AB, BC are equal to the two sides

DE, EF, each to each
;

and the angle ABC is equal to the angle DEF; [Hypothesis.

therefore the base AC is equul to the base DF, and the
third angle BA C to the third angle EDF. [I. 4.



30 EUCLID S ELEMENTS.

Next, let sides which are opposite to equal angles in
each triangle be equal to one another, namely, AB to
DE : likewise in this case the other sides shall be equal,
each to each, namely, BC to EF, and AC to DF, and
also the third angle BAC equal to the third angle EDF.

For if BC be not
equal to EF, one of them
must be greater than
the other.

Let BC be the gi'eater,

and make BH equal to

EF, [I. 3.

and join ^^. ^ He E i^

Then because BH is equal to EF, [Comtruction.

and AB to DE
;

[Hypothesk.

the two sides A B, BH are equal to the two sides DE, EF,
each to each

;

and the angle ABH is equal to the SingleDEF
;
[ffypothesia.

therefore the triangle ABH is equal to the triangle DEF,
and the other angles to the other angles, each to each, to

which the equal sides are opjiosite
; [I. 4.

therefore the angle BHA is equal to the angle EFD.
But the angle EFD is equal to the angle BCA. [Hypothesis.

Therefore the angle BHA is equal to the angle BCA
;
[Ax.l.

that is, the exterior angle BHA of the triangle AHG is

equal to its interior opposite angle BCA ;

which is impossible. [I- 3 6

Therefore BC is not unequal to EF,

that is, it is equal to it
;

and AB is equal to DE ;
[ITypothesis.

therefore the two sides AB, DC are equal to the two sides

DE, EF, each to each
;

and the angle ABC is, equal to the angle DEF; [Hypothesis.

therefore the base ^C is etpial to the base DF, and the

third angle BAC to the thinl angle EDF. [I. 4.

Wherefore, }ft%co trianylcs ikc. Q.B.D.
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PROPOSITION 27. THEOREM.

If a straujht line falling on two other straight lines,

make the alternate angles equal to one another, the two
straight lines shall be parallel to one another.

Let the straight Hue EF, which falls on the two straight

lines AB, CD, make the alternate angles AEF, EFD
equal to one another : AB shall be parallel to CD.

For if not, AB and CD, being produced, will meet
either towards B, D or towards A, C. Let them be pro-

duced and meet towards B, D at the point G.

Therefore GEF'i?. a triangle, and its exterior angle AEF
is greater than the interior opposite angle EFG

;
[I. 1(5.

But the angle AEF is also equal to the angle EFG
; [Hyp.

which is impossible.

Therefore AB and CD being produced, do not meet to-

wards B, D.

In the same manner, it may be shewn that they do not
iieet towards A, C
But those straight lines which being produced ever so far

both ways do not meet, are parallel. [Definition 35,

Therefore AB i?, parallel to CD.
Wherefore, if a straight line &c. q.e.d.

PROPOSITION 28. THEOREM.

If a straight line falling on two other 'Straight lines,

make the e.rterior angle equal to the interior and opposite
angle on thr satne side of the line, or make the interior
angles on the .^ame side together equnl to two right angles,

the two straight lines shall he i arallel to one another.

3
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ijdi the straight line EF, which falls on the two
straight lines AB, CD, make the exterior angle EGB
equal to the interior and opposite angle GHD on the same
side, or make the interior angles on the same side BGH,
GHD together equal to two right angles : AB shall be
parallel to CD.

Because the angle EGB is

ecpaal to the angle GHD, [Hijp.

and the angle EGBis also equal

to the angle yi G//, [1.15.

therefore the angle AGH is

equal to the angle GHD : [A x. 1

.

and they are alternate angles

;

therefore AB is parallel to

CD. [I. 27.

Again; because the angles BGH, GHD are together

equal to two right angles, [Hypothesis.

and the angles A GH, BGH arc also together equal to two
right angles, [1. 13.

therefore the angles AGH, BGH are equal to the angles

BGH, GHD.
Takeaway the common angle BGH; therefore the remaining

angle J G'i/ is equal to the remaining angle GHD; [Axiom 3.

and they are alternate angles

;

therefore ABi% parallel to CD. [I. 27.

Wherefore, if a straight line &c. q.e.d.

PROPOSITION 29. THEOREM.

If a straight line fall on tico parallel straight lines,

it makes the alternate angles equal to one another, and
the 'exterior angle equal to the interior and op2)osite angle

on the same side ; and also the two interior angles on
the sam,e side together equal to two right angles.

Let the straight line EF fall on the two parallel

straight lines AB, CD : the alternate angles AGH, GHD
shall he e(jn;il to one another, and the exterior angle

EGB shall i»c equal to the interior and opposite angle
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on the same side, GRD, and the two interior angles oii

the .^iunc side, BGH, GHD, shall be together equal to two
rigiit angles.

Fur if the angle AOH be
not equal to the angle GHD,
one of them must be greater
than the other ; let the angle
AG11 be the greater.

Then the angle vir;// is greater
tiian the angle GHD

;

to each of them add the angle
DGH;
therefore the angles AG 11, BGH are greater than the
angles BGH, GHD.
But the angles AGH, BGH are together equal to two
right angles

;
[I. 13.

therefore the angles BGH, GHD are together less than
two right angles.

But if a straight line meet two straight lines, so as to

make the two interior angles on the same side of it, taken

together, less than two right angles, these straight lines

being continually produced, shall at length meei on tliat

side on which are the angles which are less than two
right angles. [Axiom 12.

Therefore the straight lines AB, CD, if continually pro-

duced, will meet

But they never meet, since they are parallel by hypothesis.

Therefore the angle AGH is not unequal to the angle

GHD ; that is, it is equal to it.

But the angle AGH is equal to the angle EGB. [I. 15,

Therefore the angle EGB is equal to the angle GHD. [Ax. 1.

Add to each of these the angle BGH.
Therefore the angles EGB, BGH are equal to the angles

BGH, GHD. [Axiom 2.

BuTc the angles EGB, BGH are together equal to two
right angles. [I. 13

Therefore the anp:les BGH, GHD are together equal to

two right angles. [Axiom 1.

Wherefore, if a straiykt line 6ic. i^.a.h.
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PROPOSITION 30. THEOREM.

Straight lines which are parallel to the same straight

line are parallel to each other.

Let AB, CD be each of them parallel to EF . AB
shall be parallel to CD.

Let the straight lineOHK
c\xt AB, EF,CD.

Then, because QHK cuts

the parallel straight lines AB,
EF. the angle AGH is equal

Lo the angle GHF. [L 29.

Again, because GK cuts

the parallel straight lines EF.
CD, the angle GHF is equal

to the angle GKD. [I. 29.

And it was shewn that the

angle AGK is equal to the angle GHF.
Tlierefore the angle AGK is equal to the angle GKD

;
[Ax. 1.

and they are alternate angles

;

therefore AB is, parallel to CD. [I. 27.

Wherefore, straight lines &c. q.e.d.

PROPOSITION 31. PROBLEM.

To draw a straight line through a given point parallel
to a given straight line.

Let A be the given point, and BC the given straight

line : it is required to draw a straight line through the
point A parallel to the straight line BC.

In BC take any point

D, and join AD ; at the

point A in the straight

line AD, make the angle

DAE equal to the angle -a fr-

ADG; [1.2?..

and produce the straight line EA to F.

EF shall be parallel to BC.
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Because the straisrht line AD, which meets the two
straight lines BC, EF, makes the alternate angles EAD,
^Z>C' equal to one another, [Const^-uction.

EF is parallel to BC. [I. 27.

Wherefore tlie straight line FAF is drawn through the

given point A, parallel to the given straight line BC. q.e.f.

PROPOSITION C2. THEOREM.

If a side of any triangle he produced, the exterior

angle is equal to the tico interior and 'opposite angles

;

and the three interior angles af eoery triangle are toge-

ther equal to two right anglt's.

Let ABC be a triangle, and let one of its sides BC
be produced to I) : the exterior angle ACD shall be equal
to the two interior and oiiposite angles CAB, ABC ; and
the tliree interior angles of the triangle, namely. ABC,
JICA, CAB sliail be equu) to two right angies.

'Ihrough the point ('draw ^
C'/-; parallel to ^/i. [1.31.

^^
Then, because AB is par-

allel to CE. and AC falls on
them, the alternate angles _
BAC, ACE are equal. rj

29.

Again, because AB is parallel to CE, and BD falls on
them, the exterior angle ECD is equal to the interior and
opposite angle ABC. [I. 29.

iSut the angle ACE was shewn to be equal to the angle
BAC;
therefore the whole exterior angle ACD is equal to the
two interior and opposite angles CAB, ABC. [Axiom 2.

To each of these equals add the angle ^C5
;

therefore the angles ACD, ACB are equal to the three
angles CBA, BAC, ACB. [Axiom 2.

But the angles ACD, ACB are together equal to two right
angles

; [I. 13.

therefore also the angles CBA. BAC, ACB are together
equal to two right angles. [Axiom I.

Wherefore, if a side of any triangle &c. q.e.d.

D
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Corollary 1. All the interiar angles of any recti-

linealfigure, together with four right angles, are equal to

twice as inatnj right angles as the^figiire has siden.

For any rectilineal figure ABODE can be divided into

as many triangles as the figure has sides, by drawing

straight lines from a point F within the figure to each of

its angles.

And by the preceding proposition,

all the angles of these triangles are

equal to twice as many right angles

as there are triangles, that is, as the

figure has sitles.

And the same angles are equal to the

interior angles of the figure, together

with the angles at the point F, which
is the common vertex of the triangles,

that is, together with four right angles. [I. 1.).
(" loVanj 2.

Therefore all the interior angles of the figure, u^getiier witii

four right angles, are equal to twice as miiiy right angles

as the figure has sides.

Corollary 2. All the exterior angles of any recti-

lineal figure are together equal tofuur right angles.

Because every interior angle

ABC, with its adjacent exterior

angle ABD, is equal to two
right angles

;
[I. 13.

therefore all the inteiior angles

of the figure, together with all

its exterior ancrles, are equal to

twice as mah,> right angles as

the figure has sides.

But, by the foregoing Corollary all the interior angles of the

figure, together with four right angles, are equal to twice

as many right angles as the figure has sides.

Therefore all the interior angles of the figure, together with

all its exterioi- angles, are equal to all the interior angles of

the figure, toLrether with four right angles.

Therefore all the exterior angles are equal to four right

angles.
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PROPOSITION 33. THEOREM.

The straight, liven ichich j dn the extremities of tudo

equal and parallel straight lines tmoards the same parts,

are also themselves equal and parallel.

Let AB and CD be equal and parallel straight lines,

and let them be joined towards the same parts by the

straif^ht lines AC and BD . ^If and BD shall be equal

and parallel.

Join BC.

Then because AB x^ pur-

allel to CD., [Hypotkoik.

and BC meets them,

the alternate angles ABC,
BCD are equal. [[. 29.

And because AB h equal to CD, [Hypothesis.

and BC is common to the two triangles ABC, DCB ;

the two sides AB, BC are e(|ual to the two sides DC, CB,
(,'ach to each

;

.uid the angle ABC was shewn to be equal to the angle

BCD
;

iherefore the base AC is equal to the base BD, and the

triangle ABC to the triangle BCD, and the other angles
to the other angles, each to each, to which the equal sides

ire opposite
;

[I. 4.

tlierefore the angle ACB is equal to the angle CBD.
And because the straight line BC meets the two straight

lines AC, BD, and makes the alternate angles ACB, CBD
equal to one another, AC is parallel to BD. [I. 27.

And it was shewn to be equal to it.

Wherefore, the straight lines &c. q.e.d.

PROPOSITION 34. THEOREM.

The opposite sides and angles of a parallelogram are
equal to one another, and the diameter bisects the par-
allelogram, that is, divides it into two equal parts.

Note. A parallelogram is a four-sided figure of which the
opposite sides are parallel ; and a diameter is the straight line

joinins; two of its opposite angles.
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Let ACDB be a parallelogram, of which BC is a
diameter ; the o{)j)o.site sides and angles of the figure shall

be equal to one another, and the diameter BC shall bi-

sect it.

Because AB is, parallel

to CD, and BC meets them,

the alternate angles ABC,
BCD are equal to one an-

other. [I. 29.

And because AC is, parallel

to BD, and BC meets them,

the alternate angles ACB, GBD are equal to one
another. [I. 29.

Therefore the two triangles ABC, BCD have two angles

ABC, BCA in the one, equal to two angles DCB, CBD in

the other, each to each, and one side BC is common to the

two triangles, which is adjacent to their e(]ual angles;

therefore their oilier sides are equal, each to each, and
the third angle of tlie one to the third" angle of the other,

namely, the side ^-1/j equal to the si<!e f'/>, and the side

^6' equal to the side BD, and the angle ^^*1C equal to the

angle CDB [I. 26.

And because the angle ABC is equal to the angle BCD,
and the angle CBD to the an'gle ACB,
the whole angle ABD\^ equal to the whi >le angle A CD. [.4 x. 2.

And the angle BAG has been shewn to be equal to the

angle CDB.
Therefore the opposite sides and angles of a parallelogram

are equal to one another.

Also the diameter bisects the parallelogram.

For AB being equal to CD, and BC common,

the two sides AB, BC are equal to tlie two sides DC, GB
each to each

;

and tlie angle ABC has been shewn to be equal to the

angle BCD
;

therefore thctriangle^5Cis equal to the triangle jffCZ), [1 . 4.

and the diameter BC divides the parallelogram ACDB
into two c(iual parts.

Wherefore, Ui,e opposite sides &c. q.e.d.
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PROPOSITION 35. THEOREM.
Parallelograms oy\ the same base, and between the same

paralleh, ara equal to one another.

Let tlie parallelograiiis A BCD, EBCF br on tiie sjime

base DC, and between the same parallels A F, B(J : tlie j>;»r:»l-

lelogvani ABCD shall be e(iiial to the parallelojratn EW^" F.

If the sides AD, DF of

the parallelograms ABCD,
DBGF, opposite to tlie base

BG, be terminated at the same
point D, it is plain that each of

the parallelograms is double of

the triangle ^'/>r; [1.34.

and they arc therefore eipial to one ant)ther. [Axiom 6.

But if the sides AD, EF, opposite to the base BC
of the parallelo-

grams ABCD,
EBGF be not

terminated at

the same point,

then, because
ABCD is a par-

allelogram AD is equal to BC ;
[I. 34.

for the same reason EF is equal to BC

;

therefore AD is equal to EF; [Axwm 1.

thei-efore the whole, or the remainder, ^^ is equal to the

whole, or the remainder, DF. {Axioms 2, 3.

And AB is equal to DC
;

[I. 34.

therefore the two sides EA, AB are equal to the two sides

FD, DC each to each
;

and the exterior angle FDG is equal to the interior and
opposite angle EAB

;
[I. 29.

therefore the triangle EAB is equal to the triangle

FDG. [[.4.

Take thq,^ triangle FDG from the trapezium ABGF,
and from lis '•''tiSipeziuiu take the triangle EAB,
and the remainders arc equal

; [Axiom 3.

that is, the parallelogram ABCD is equal to the parallelo-

gram EBCF.
yshcvetovQ, paraUel' igrams on the same base &c. q.e.d.
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PROPOSITION 36. THEOREM.
Parallelograms on equal bases, and between the fame

parallels, art' equal to one another.

Let ABC'/'-, EFGH he parallelograms on equal bases

BC, FG, and between the same parallels ^IH, BG: tiie

parallelogram ABCD shall be equal to the parallelogram

EFGH.
Join BE, CIT. a D e H
Then, because BC

is equal to FG, [/Ii/p.

iind FG toEH, [I. ?A.

BG is equal to

EH; [Axiom \. B C F G
and they are parallels, [Hypothcsk.

and joined towards the same parts by the straight lines

BE,'CH.
But straight lines wliich join the extremities of equal and
parallel straight lines towards the same parts are them-

selves equal and parallel. [I. 33.

Therefore BE, CH are both equal and parallel.

Therefore EBCH is a parallelogram. [Definition.

And it is equal to ABCD, because they are on the same
base BC, and between the same parallels BC,AH. [1. 35.

For the same reason the parallelogram EFGH is equal

to the same EBCH.
Therefore the parallelogram ABCD is equal to the par-

allelogram EFGH. [Axiom, 1.

Wherefore, 'parallelngrams &c. q.e.d.

PROPOSITIOX 37. THEOREM.
Triangles on the same base, and between the same par-

allels, are equal.

Let the triangles ABC,
DBC be on the same base

BC, and between the same
parallels AD,BC. the tri-

angle ABC shall be equal

to the triangle DBC.
Produce AD both ways

to the points^, F ;
[Pou.2.
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through B draw BE parallel to CA, and tlimuj^di C draw
Ci^ parallel to 2?/>. [1.31.

Then each of the figures EBCA, DBCF is a parallelo-

gram
; [Definition.

and BBCA is equal to DBCF, because tliey are on the same
base BC, and between the same parallels BG, EF. [I. 35.

And the triangle yl/>'Cis half of the parallelogram EBCA,
because the diameter ^i> bisects tiie parallelogram

;
[F. 34.

and the triangle DBG is, half of the ii;'.rallelogram DBGF,
because the diameter DG bi.sects the parallelogram. [I. 34.

But the halves of equal things are equal. {Axiom 7.

Therefore the triangle ABG is equal to the triangle DBG.
Whcrefitre, triiaiglcs &c. q.e.d.

PROPOSITION 38. THEOREM.
TrintKjIc.^ on eqiml bases, and heticecii the saine par-

allels, are equal to one another.

Let Hie ix-vxixgies, ABG, DBF le on ecpial bases BG,
EF.M. between the same parallels i>/^, yl Z> : the triangle
vi.CC shall be eijual to the triangle DBF.

Produce yl Z> both
wavs to the points V^- ^ 2 H

through B draw BG
parallel to GA, and
through 7^ draw FH
parallelto^Z>. [1.31.

Then each of the

figures GBGA, DEFII is a parallelogram. [Definition.

And they are equal to one another because they are on
equal bases BG, EF, and between the same parallels

BF, Gil. [I. 36.

And the triangle ABGh half of the i^arallelogram GBGA,
because the diameter .^-ii? bisects the parallelogram

;
[I. 34.

and the triangle DEF is half of the parallelogram DEFH,
because the diameter DF bisects the parallelogram.

But the halves of equal things are equal. [Axiom 7.

Therefore the triangle ABG is equal to the triangle DEF.
Wherefore, triangles &c. Q.E.D.
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TROPOSITION 39. THEOREM.

Equal triangles on the same base, and on the same
side of it, are between the same parallels.

Let tlic equal triangles ABC, DBG be on the same
base Be, and on the same side of it : they shall be be-
tween the same pandlels.

Join AD.
AD shall be parallel to BG.

For if it is not, through A draw
AE parallel to BC, meeting BD
at E. [I. 31.

and join EC. B ~^
Then the triangle ABC is e(inal to the triangle EBC,
because they are on the same base BC, and between the
same parallels BC, AE. [I. 37.

But the triangle ABCu equal to the triangle Z>5C. [Hyp.

Therefore also the triangle DBC is equal to the triangle

EBC, [Axiom 1.

the greater to the less ; which is impossible.

Therefore ^^ is not parallel to BC.
In the same manner it can be shewn, that no. other

straight line through A but AD is parallel to BC

;

therefore AD is parallel to BC.

Wherefore, equal triangles &c q.e.d.

PROPOSITION 40. THEOREM.

Equal triangles, on equal bases, in the same straight line,

and on the same side "/it, arebetveen the.mme parallels.

Let the equal triangles A BC, DEF be on equal bases

BC, EF, in the same straight Mne BF, and on the same
side of it : they shall be betweuu the same parallels.

Join AD.
^Z) shall 1)0 parallel to BF.

For if it is not, through A
draw AG parallel to BF,
meeting i^Z* at (r [1.31.

and join OF.
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Tlicn the triangle ABC'\& equal to the triangle GEF,

becau.so tlioy are on equal bases B(J^ EF, and between

the .same [tarallols. [I- 38.

But the triangle ABC is equal to the triangle Z>iE'i^. {Hyp.

Therefore also the triangle DEF is equal to tlie triangle

QEF [Axiom. 1.

the greater to the less ; which is impossible.

Therefore AG \s, not parallel to BF.

In the same manner it can be shewn that no other

straight line through A but AD is parallel to BF

;

llicrefore AD is parallel to BF.

Wherefore, equal triangles &c. q.e.d.

PROPOSITION 41. THEOREM.

If a parallelogram and a triangle be on the same base

and between the same parallels, the parallelogram shall be

d'>uble of the triangle.

Let the parallelogram ABCD and the triangle EBC be
nn the same base BC, ami between the same parallels

/UJ, AE : the parallelogram A BCD shall be double of tho
triangle EBC.

Join J C.

Then tlie triangle ABC
is eciual to the triangle EBC,
bccaii.se they are on the same
liasc BC, and l.>etwecu the same
parallels /?6;^I/:;. [1.37.

But the parallelogram ABCD
is double of the triangle ABC,
because tiiL- diameter J C bisects the parallelogram. [J. 34.

Therefore till! itir.allclogram ABCD is also double of the

triangle EBC.
Wherefore, if a paralldogram &c. q.b.d.
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PROPOSITION 4-2. PROBLEM.

To describe a jxirallclngram that shall he equal to

given triangle, and ham one of its angles equal to a given
rectilineal angle.

]jet ABC be the given triangle, and D the given recti-

lineal angle : it is required to describe a parallelogram that
shall be equal to the given triangle ABC, and have one of
its angles equal to D.

Bisect 56' at ^: [1. 10.

join AE, and at the point

E, in the straight line EC,
make the angle C^/^equal
to D; [I. 23.

through A draw AFG
parallel to EC, and through
C draw CG parallel to

EF. [I. 31.

Therefore FECG is a parallelogram. [Definition.

And, because BE is equal to EC, {Construction.

the triangle ABE is equal to the triangle AEC, because
they are on equal bases BE, EC, and between the same
parallels BC, AG. [I. 38.

Therefore the triangle ABC is double of the triangle ^^C.

IJut the parallelogram FECG is aiso double of the triangle

AEC, because they are on the same base EC, and between
the same parallels EC. AG. [T. 41.

Therefore the parallelogram FECG is equal to the triangle

ABC

;

[Axiom 6.

and it has one of its angles CEF equal to the given angle
D. [Construction.

Wherefore a parallelogram FECG has been described
equal li^ the given triangle. ABC ami having one of its

angles CEF equal to the given angle D. q.e.f.
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PROPOSITION 43. THEOREM.

The complements of the parallelograms which are about

the diameter of any parallelvgrain, are equal to one
another.

Let ABCD be a parallelogram, of which the diameter
\9, AC ; and EH, GF paralleiogi-ams about AC, that is.

through which AC passes ; and BK, KD tlie other paral-

lelograms which make up the wiiole figi:re ABCD, and
which are therefore called the complements : the comple-
ment BK shall be equal to tlie complement KD.

Because ABCD is a

parallelogram, and AC its

diameter, the triangle ABC
is equal to the triangle

ADC. [I. 34.

Again, because AEKH is

a parallelogram, and AK
its diameter, the triangle

AEK is equal to the triangle

AHK. [I. 34.

For the same reason the trinnofle KdC is equal to the

triangle KFC.
Therefore, because the triangle AEK is eiiual to the tri-

angle AHK, and the triangle KGC to the triangle KFC ;

the triangle AEK together with the triangle KGC is e(iu;il

to the triangle^ //A' together with the triangle KFC. \Ax.1..

But the whole triangle ABC was shewn to be equal to the

whole triangle ADC.
There^re the remainder, the complement BK, is equal to

the remainder, the complement KD^ \_Axu)iii 3.

Wherefore, the complements &c. q.e.d.

PPOPOSniON 44, PROBLEM.

To a given straight line to apply a pa yallelogram,
frhich. shall he equal to a givrn triangle, and hace one
oj its angles equal to a given rectilineal angle.
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Let AB ho. the given straight line, and G the given
triangle, and D the given rectilineal angle: it is required
to apply to the straight line AB a, parallelogram equal to

the triangle C, and having an angle equal to £>.

Make the parallelogram BEFG equal to the triangle

C, and having the angle EBG equal to the angle D, so

that BE maybe in the same straight line with AB
;

[I. 42.

produce FG to H
;

through A draw A II parallel to BG or EF, [I. 31.

and join HB.
Then, because the straight lineHF falls on the parallels

AH, EF, the angles AHF^ HFE are together equal to

two right angles. [I. 29.

Therefore the angles BHF, HFE are together less than

two right angles.

Butstraightlines which with another straight line niiike the

interior angles on the same side togetlier loss than two right

angles will meet on that side, if produced far enough. [4a;. 12.

Therefore HB and FE will meet if produced
;

let them meet at K. *

Through K draw KL parallel to EA or FH
;

[I. 31.

and produce HA, GB to the points L, M.

Then IlLKF is a parallelogram, of which the diameter

is HK; and AG, ME are parallelograms abont HK; and
LB, BF are the coniplenients.

Therefore LB is equal to BF. [I. 43.

But BF is equal to the triangle C. [Construction.

Therefore LB is equal to the triangle C. [A:riom. 1.
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And because the angleG5i?isequal totlieangle^ 7?J/, [1.15.

and likewise to the iUiglo D ;
[Construction.

the angle ABM is equal to the angle D. [Axiom 1.

Wherefore to the given straight line AB the parallelo-

gram LB is applied, equal to the triangle C, and having

the angle ABM equal to the angle D. q.e.f.

PllOPOSlTION 45. PROBLEM.

Tv describe a parallelogram equal to a given rectilineal

figure, and having an angle equal to a given rectilineal

angle.

l.ct A BCD be the given rectilineal fiijure, and E the

given rectiline'al angle: it is reimired to describe a par-

allelogram equal to ABCD,2im\ having an angle equal to^.

Join DB, and describe the parallelogram FH equal to

the triangle ADB, and having the angle FKH equal to the

angle E \ [T. 42.

and to the straight line GH apply the parallelogram GM
equal to the triangle DBC, and having the angle GUM
eijual to the angle E. [I. 44.

The figiu-e FKML shall be the parallelogram required.

Because the angle E is equal to each of the angles FKH,
GHM, [Construction.

the angle FKH is. equal to the angle GHM. [Axiom 1.

Add to each of these equals the angle KHG ;

therefore the angles FKH, KHG are equal to the angles

KHG, GHM. [Axiom 2.

BntFKH, KHG aretogetherequaltotworightangles;[I.29.

therefore A'//(x,(?/fJfare together equal to two right anglea
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D F

B r K II

And because at the point H in tlie stiMight lino GH, thp

two straight lines A'//, HM, on the oiii)o.site siiles of il,

make tlie adjacent angles together equal lo two rigitt angles,

KH is in the same straight line with HM. [I. 14.

And because the straight line HG meets the parallels

KM, FG. tiio alternate angles MHG, HGFiue equal. [T.29.

Add to each of these eoiials the angle fIGL
;

therefore the angles MllG, IIGL. are equal to the anglcp

IIGF,HGL. [Axiom -z.

But ilf^G,i/GZ^ are together equal to two right angles; [!.j29.

therefore HGF, IIGL are together equal to two right angles

Therefore FG is in the same straight line with GL. [1. 14

And because A'Fis parallel to HG, andHG to ML,[Consir.

KF is parallel to ML : [[. 30.

and KM, FL are parallels
;

[Construction.

therefore A'FA.1/ is a parallelogram. [Definition.

And because the triangle ABD is equal to the parallelo-

gram HF, [Construction.

and the triangle DBG to the parallelogram GM
;

[Constr,

the whole rectilineal figure ABCD is equal to the whole
parallelogram KFLM. [Axiom 2

Wherefore, the parallelogram KFTjM hna hpen (h-

acrihed equal to tlip (jicni rectilineal fignve ABCD, and
having the angle FKM equal to the gicen angle E. q.e.f.

Corollary. From this it is manifest, how to a given

straight line, to apply a parallelogram, which shall have an

angle equal to a given rectilineal angle, and shall be etjual

to a given rectilineal figure ; namely, by applying to the

given straight line a parallelogram equal to the fii'st tri-

angle ABD, and having an angle equal to the given angle ;

and so on. [I. 4 i
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PROPOSITION 46. PROBLEM.

To describe a square on a given straight line.

Let AB he the given straight line: it is required to

Icscribe a square on AB.
From the point A draw AC

it right angles to AB; [1. 11.

ud make AD equal to A U ; [1.3.

lirough /) draw DE paraUel to

. / B ; and through /> draw BE
av.iWel to AD. [1.31.

I DEB shall be a square.

F^r A DEB is by construction

a parallelogram ;

therefore AB \s equal to DE,
And AD to BE. [1.34.

Buc AB is equal to AD. [Construction.

Therefore the four straight lines BA, AD, DE, EB are

equal to one another, and the parallelogram A DEB is

equilateral. [.iriom 1.

Likewise all its angles are right angles.

For since the straight line AD meets the parallels AB,
DE, tiie Miigles BAD, ADE are together equal to two
rigiit angles'; [1.29.

b;it BAD is a right angle
;

[Construction.

therefore also ADE is a right angle. [Axiom 3.

But the opposite angles of parallelograms are equal. [I. 34.

Therefore each of the opposite angles ABE, BED is a

light nngie. [Axiom L

Therefore the figure A DEB is rectangular
;

and it has been shewn to be equilateral.

Therefore it is a square. [Definition 30.

And it is described on the given straight line AB. Q.E.F.

Corollary. From the demonstration it is manifest that

every parallelogram which has one right angle has all its

angles right angles.
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I'ROPOSITION 47. THEOREM.

In any right-angled triangle, the square which is d&-

srrihed on the side snhtnuling the right angle is equal to

the squares described on the sides which contain the right

angle.

i^ot ABC be a right-angled triangle, having the right

imgle BA C : the square described on the side BG shall bi;

equal to the squares described on the sides BA, AC.

On BC describe

t'le square BDEC,
and on BA, AC de-

scribe the squares

GB,HC; [T. 46.

through A draw AL
parallel to BD or

CE; [1.31.

and join ^Z), FC.

Then, because the

angle BA C is a right

angle, [Hypothesis.

and that the angle

BAG is also a right

angle, [Definition 30.

the two straight lines AC, AG, on the opposite sides of

AB, make with it at the point A the adjacent angles equal
to two right angles

;

therefore CA is in the same straight line with AG. [I. 14.

For the same reason, ^5 and Allure in the same straight

line.

Now the angle DEC is equal to the angle FBA, for each
of them is a right angle. [Axiom 11.

Add to each the angle ABC.
'J'iierefore the whole angle DBA is equal to the whole angle
FBC. , [Axiom 2.

And because the two sides AB, BD are equal to the two
sides FB, BC, eacli to each

; [Definition 30.

and the angle DBA is equal to the angle FBC
;

tli'jreforu the triangle ABD is equal to the triangle
>'^t^. [Li.
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/ Now the parallelogram BL is double of the triangle

ABD, because they are on tlie same base BD, and between
the same parallels BD, AL. [P. 41.

And the square GB is double of the triangle FBC, because

they are on the same base FB, and between the same
parallels i^^, (?6'. [1.41.

But the doubles of equals are equal to one another. [Ax. (5.

Therefore the parallelogram BL is equal to the square G B.

In the same manner, by joining AE, BK, it can be

shewn, that the parallelogram CL is equal to the square GH.
Therefore the whole square BDEG is equal to the two
squares GB, H'-'. [.Ixiom 2.

And the square BDEC'is described on BC, and the squares

GB, HC on BA, AC.

Therefore the square described on the side BC is equal to

the squares described on the sides BA, AC.

Wherefore, in any right-angled triangle &c. q.k.d.

IROPOSITION 48. THEOREM.

If the square described on one of the sides cf a tri-

angle be equal to the squares described on the other two
sides of it, the angle contained by iltrxe two sides is a
right angle.

Let the square described on BC, oiie of the sides of
tiie triangle ABC, be equal to tlie squares described on
the other sides BA, AC : the angle BAG shall be a right

angle.

From the point A draw AD ^i

right angles to AC; [I. 11. .

and make AD equal to BA
;

[I. 3.

and join DC.
Then because DA is equal to

BA, the square on DA is equal to

the square on BA.
To each of these add the square
on AC.

Therefore the squares ou DA, AG are equal to the aouares

on BA, AC. \Amm L
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But because the angle DAG is a right angle, {Construction.

the square on DC is equal to the squares on DAyAC.[l. 47.

And, by hypothesis, the .square on BCis equal to the squares

on BA, AC.

Therefore thesquareon /JCisequalto thesquareon 77(7.[.4x.I.

Therefore also the side DC is equal to the side BC.

And because the side DA is equal

to the side AB
;

[Constr.

and the side ^C is common to the

two triangles DAC, BAC
;

the two sides DA, AC are equal to

the two sides BA, AC, each to each
;

and tlie base DC lias been shewn to

be equal to the liasc BC;
therefore the aii<rle Z'.'ICis Ciiual to the angle BAC. [I. 8.

But DAC is a right angle
;

[Construction.

therefore also BAC is a right angle. [Axiom 1.

Wherefore, if the square &c. q.e.d.

BOOK IT.

DEFINITIONS.

1. Every right-aiigLd parallelogram, or rectangle, is

said to be contained by any two of the straight lines which
contain one of the right angles.

2. In every paiallelograni, any of the parallelograms

about a diameter, together with the two complements, is

called a Gnomon,
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Thus the parallelogram HG,
togetliei- with the complements

AF^ FC, is the gnomon, which is

more briefly expressed by the let-

ters A GK, or EHC, wliich are at

the opposite angles ofthopnrallelo-

grams which make the gnomon.

PROPOSITION 1. THEOREM.

If there he two straighl lines, one of which is divided

into any number of parts, the rectangle cmitahu'd by the

lnio straighl lines is equal to the rectangles contained by

the undicided line, and the several 2}arts ofthe divided line.

Let A and BC be two straight lines ; and let J3C be

divided into any number of parts at the points D, E : the

rectnngle contained by the straight lines A, DC, shall be

equal to the rectangle contained by A, BD, together witli

that contained by A, DE, and tliat contained by A, EC.

From tlie point B draw BF
at right angles to BC

;
[I. 11.

and make BG equal to A
;

[I. 3.

through G draw GH parallel

to BC ; and through D, E, C
draw DK, EL, CH, parallel

to BG. [I. 31.

Then the rectal. gle BH
is equal to the rectangles

BK, DL, EH.
But BH is contained by A, BC, for it is contained by
GB, BG, and GB is equal to A. [Constmction.

And BK is contained by A, BD, for it is contained by
GB, BD, and GB is equal to A

;

and DL is contained by A, DE, because DK is equal to

BG, which is equal to A
; [I. 34.

and in like manner EH is contained by A, EC.
Therefore the rectangle contained by A, BC is equal to the
rectangles contained by A,BD, and by A,DE, and by A, EC.

Wherefore, if there be two straight lines &c. q.e.d.

1
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PROPOSITION 2. TitEOREM.

If a straight line he divided into any two parti, the

rectangles contained by the whole and each of the parts
are together equal to the square on the whole line.

Let the straight line AB be divided into any twc parts

at the point C : the rectangle contained by AB, BC, toge
ther with the rectangle AB, AC, shall be equal to tiio

square on AB.
[Note. To avoid repeating the word

contained too frequently, the rectangle

contained by two straight lines A B, AC
is sometimes simply called the rectangle

AB, AC]
On AB describe the square

ADEB ; [I. 46.

and through C draw CF parallel

to AD or BE. [1.31.

Then ^^ is equal to the rectangles AF, CE.

But AE is the square on AB.
And AF is the rectangle contained by BA, AC, for it i»

contained by DA, AC, of which DA isequal to BA
;

and CE is contained by A B, BC, for BE is equal to AB.
Therefore the rectangle AB, AC, together with the rect
angle AB, BC, is equal to the square on AB.

Wherefore, if a straight line &c. q.e.d.

PROPOSITION 3. THEOREM.

If a straight line he divided into any two parts, the

rectangle contained by the whole and one of the parts, is

equal to the rectangle contained by the two parts, together

with the square on the aforesaid part.

Let the straight line AB le diijided into any two parts

at the point 6': the rectangle AB, BC sliall be equal to,

the rectangle AC, CB, together with the square on BC.
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On 5C describe the square CDEB;
produce ED to F, and through A a
drawA /'i>arallel to CI> or BE. [1. 31.

Then the rectangle AEis equal

to the rectangles AD, CE.

But AE is the rectangle contained

by AB, BGi for it is contained

by AB, BE, of which BE is equal

to BC;
rB;and AD\s contained by AC, CB, for C/J is equal t

and CE is the square on BC.
Therefore the rectangle .45, ^C is equal to the rectangle

AC, CB, together with the sijuare on BC.
Wherefore, if a straight line &c. q.e.d.

PROPOSITION i. THEOREM.

If a straight line be divided into any two parts, the

squary on the tchole line i.f equal to the squares on the two
parts, together with ticico the rectangle contained hy the

two parts.

Let the straight line AB be divided into any two j^arts

at the point C : the square on AB shall be equal to the
squares on AC, CB, together with twice the rectangle con-
tained by AC, CB.

On AB describe the square
ADEB

;
[I. 46.

join BD; through C draw CGF
parallel to AD or BE, and through G
draw i/A' parallel to .-i^ or DE. [1. 31.

Then, because CF is parallel

to AD, and BD falls on tliem,

the exterior angle CGB is equal

to the interior and opposite an-

gle ^Z»5; [1.29.

but the angle ADB is equal to the angle ABD, [I. 5.

because BA is equal to AD, being sides of a square
;

therefore the angle CGB is equal to the angle CBG
;
[Ax. 1.

and tl>erefore the side CG is equal to the side CB. [I. 6.

But CB is also equal to GK, and CG to BK
;

[I. 34.

therefore the figure CGKB is equilateral.

A

H
r
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It is likewise rectangular. For since CG is parallel to

BK, and CB meets them, the angles KBC, GCB are toge-

ther equal to two right angles. [I. 29.

But KBC is a right angle. [I. Definition 30

Therefore GCB is a right angle. [Axiom 3.

And therefore also the angles CGK, GKB opposite to

these are right angles. [T. 34. and Axiom 1.

Therefore CGKB is rectangular; c \\

and it has been shewn to be equi-

lateral ; therefore it is a square, and
it is on the side CB. Hi ^p iK

F'or the same reason HF is also a
square, and it is on the side HG.,

which is equal to AC. [I. 34.

Therefore HF., CK are the squares
'

* '^

on AC, CD.

And because the complement AG is equal to the com-
plement GE

;
[I. 43.

and that A G is the rectangle contained by A C, CB, for

CG is equal to CB
;

therefore GE is also equal to the rectangle AC, CB. [Ax. 1.

Therefore A G, GE are equal to twice the rectangle A C, CB.

And HF, CK are the squares on A C, CB.

Therefore the four figures HF, CK, AG, GE are equal to

the squares on A C, CB, together with twice the rectangle

AC, CB.

Bnt HF, CK, AG, GE make up the whole figure ADEB,
which is the square on AB.
Therefore the square on AB is equal to the squares on
AC, CB, together with twice the i*ectangle AC, CB.

Wherefore, if a .straight line &c. q.e.d.

Corollary. From the demonstration it is manifest,

that i)arallellograms about the diameter of a square are

likewise squares.

PROPOSITION 5. THEOREM.

If a straight line be divided into two equal parts and
also into two unequal parts, the rectangle contained by the
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unequalparts, tugether loilh Utr xquare on the line betweeti

the points of section, is equal to the square on halj the line.

Let the straiglit line AB ha divided into two equal

parts at the jioint C, and into two unequal pnrts at the

point D : the rectangle AD,DB, together with the square
on CD, shall be equal to the square on (JB.

On CB describe the
square CEFB

;
[I. 4(3.

join BE; through D draw
DHG parallel to < 'E or BF\
through //draw A'Ail/ paral-
lel to 6'^ or £"/''; and tiiroiigh

A draw AK parallel to VL
or BM. [1.31.

Then the conq)lcinent CII is equal to the complement
HE; [I. 4:',.

to each of these add DM ; therefore the whole CM is equal

to the whole DF. [Axiom 'l

But CWis equal to AL, [I. 36.

because ^Cis equal to CB. [HT/pothesi...

Therefore also ^Z is equal to DE. [AxUnn 1

To each of these add CII; therefore the whole ./i// is equal

to DE and CII. [Axiom -2.

But AHh the rectangle contained by AD, DB, for DII i.s

equal to DB; [II. 4, CoroUanj.

and DE together with CH is the gnomon CMG
;

therefore the gnomon (^W 6' isequal to the rectangle.iZ',/)Z>'.

To each of these add LG, which is equal to the square on
CD. [[I. 4, Corollur;/, and I. 34.

Therefore the gnomon CMG, together with LG, is equal to

the rectangle AD,DB, together with the square on CD. [Ax.'l.

But the gnomon CMG and LG make up the whole figure

CEEB, which is the square on CB.
Therefore the rectangle AD. DB, together with the square
on CD, is equal to the s(iiiai c on ( 'B.

Wherefore, if a straight line 6iv. q e.p.

From this proposition it is manifest that the difference of
the squares on two unequal straight lines ./r. rVv, is equal
to the rectangle contained by their sua: ana ditie;enc«.
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PROPOSITION 6. THEOREM.

If a straight Une he bisected, and produced to any
point, the rectangle cnitained by the whole line thus pro-

duced, and the part of it produced, together with the

square on h/ilf the line bisected, is equal to the square on
the straight line which is made up of the half and the

part produced.

Let the straiyht line AB be bisected at the point C,

and i^roduced to the point D : the rectangle AD, DB,
together with the square on CB, shall be equal to the

square on CD.

On CD describe the

square CEFD
;

[I. 46.

join DE; through B draw K
BHG parallel to CE or

DF; through H draw
A'Zil/, parallel to AD or

M

EF ; and through A draw E G
AK parallel to CL or D3I [I. 31.

Then, because ^C is equal to CB, [Hypothesis.

the rectangle AL is equal to the rectangle CII; [I. 36.

bat Cif is equal to i7i^; [1.43.

therefore also AL is. equal to IIF. [Axiom 1.

To each of these add CM
;

therefore the whole AMis equal to the gnomonCMC [Ax. 2.

r>ut AM is the rectangle contained by AD, DB,
for DM is equal to DB. [IJ, 4, Corollary.

Therefore the rectangle AD, DB is equal to the gnomon
CMC. [Axiom 1.

To each of these add LG, which is equal to the square on
( 'B. [II. 4, Corollary, and I. 34.

Therefore the rectangle AD, DB, together with the square

on CB, is ecjual to the gnomon CMG and the figvu-e LG.
But the gnomon CMG and LG make up the whole figure

CEFD, which is the square on CD.
Therefore the rectangic AD,DD, together with the square
on CB, is equal to the square on CD.

Wherefore, ifa straight line &c. q.e.d.
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PROPOSITION . 7. THEOREM.

If a straight line he divided into any two parts, the

squares an the tchoU line, and on one of the parts, are

equal to twice the rectangle contained by the a-hnle and
that part, together with the square on the other 2)art.

Let the struiglit line AB be divided into any two

parts at the point G : the tquares on AB, BC sliall he

e(]ual to twice the rectangle AB, BG, togetlier wit i the

squai'c on AG.

On AB describe the square
ADEB, and construct the figure

as in the itreceding propositions.

Then AG\& equal to GE ; [I. 43.

to each of these add GK

;

therefore the \\ hole AK is equal to

the whole GE

;

therefore AK, GE are double of

AK.
But AK, GE are the gnomon AKF, together with the

square GK;
therefore the gnomon AKF, together with the square GK,
is double of A K.

But t^vice the rectangle AB, BG is double of AK,
for BK is equal to BG. [II. 4, Corollary.

Therefore the gnomon A KF, together with tho square GK,
is equal to twice the rectangle AB. BG.
To each of these equals add HF, which is equal to the
square on AG. [II. 4, Coro/lar;/, and I. 34.

Therefore the gnomon AKF, together with the squares
GK, HF, is e(pial to twice the rectangle AB, BG, together
with the square on AG.
But the gnomon AKF together with the squares GK, HF,
make up the whole figure ADEB and GK, which are the
squares oh AB and BG.

Therefore the squares on AB, BG, are equal to twice th«^

rect:ingle AB, BG, together with the square on AG.
Wheroiove, if a straight line &c. q.e.d.
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M N

PEOPOSITION 8. THEOREM.

If a straight line he divided into any two parts,four
times the rectangle contained hy the whole line and one of
the parts, ti-gether with the square on the other part, is

equal to the square on tlie straight line which is made up
of the whole and that part.

Let the straight line AB be divided into any two parts
at the point C: four times the rectangle AB, BC, tugvHher
with tlie sqnare on AC, shall be equal to tlie square ou the
straight line made up oi AB and ^C together.

Produce AB to D, so

that BD may be equal ^ '^ '^ ^
to CB; [Post. 2. and I. 3.

on AD describe the square
AEFD;
and construct two figures

such as in the preceding
propositions.

Then, i)ecause CB is equal g f

to BD, [Con»truction.

and that CB is equal to GK. and BD to KN, [I. 34.

therefore GK is equal to KN. [Axiom 1.

For the same reason PR is equal to RO.

And because CB is equal to BD, and GK to KN, the rect-

angle CK is equal to the rectangle BN, and the rectangle

GR to the rectangle RN. [I. 36.

But CK is equal to RN, because they are the complements
of the i)arallelogram CO

;
[I. 43.

therefore also BN is equal to GR. [Axiom 1.

Therefore the four rectangles BN, CK. GR, RN iire equal

to one another, and so the four are quadruple of one of

them CK.

G
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that is to GP

:

[H. 4, Corollary.

therefore CG is equal to GP. [Axiom 1.

And because <'G is equal to GP, and PR to liO, the

rectangle AG is equal to the rectangle J\fP, and the rect-

angle PL to the rectangle /./-: [I. 36.

!Uit MP is equal to Pf.. because; they are the complements
of the parallelogram ML

;
[I. 43.

therefore also A(t is e(iual to RF. [Axiow 1.

Therefore the four rectangles AG, MP, PL, PF a,vc equal

to one another, and so the four are quadruple of one of

tliem AG.

And it was shewn that the four CK", BN, GR and RN
are quadruple of (^A' ; therefore the eight rectangles

whicli make up the gnomon AOII arc quadruple of AK.

And because AK is the rectangle contained by AB, BC,
for BK is equal to BC

;

therefore four times (lie rectangle AB, BC is quadruple
oiAK.

But the gnomon .4 C// was shewn to be qu,idruj>le

of y^A'

Therefore four times the rectangle AB, BC is ecpial to the
gnomon AOH. [.Axiom 1.

To each of these add XH, which is e(pial to the square on
AC. [11. 4, Corollary, and I. 34.

Therefore four times the rectangle AB, BC, toircfher with
the square on AC, is e(]na! to tiie gnomon .lOH and the
square XH.
But the gnomon AOH and the square XII ii:;',ke up tlie

figure AEFD, which is the square on A J).

Therefore four time's the rectangle A U. B'\ togotlier with
the square on AC, is equal to the square on J/), that is to

the square on the Hue made of AB and BC together.

Vv berefore, ij a straight line &c. q.e.d.
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PROPOSITION 9. THEOREM.

If a straight line be divided into ttco equal, and also

into two unequal parts, the squares on the two unequal
parts are tog ther double of the square on half the line

and of the square on the line between the points of section.

Let the straight line ^5 be divided into two equal
parts at the point C, and into two unequal parts at the
point D : the squares on AD, DB shall be together double
of the squares on AC, CD.

From the point C draw
CE at right angles to y| ^, [1. 1

1

and make it equal to AC or

CB, [I. 3.

and join EA. EB ; through
D draw DF parallel to CE, and
through F draw FG jiarallel

to BA
;

[I. 31.

and join AF.

Then, because AC \?, equal to CE, [Construction.

the angle EAC is equal to the angle A EC. [I. 5.

And because the angle ACE is a right angle, [Consfruction.

the two other angles A EC, EA C are together equal to one
right angle

;
[I. 32.

and they are equal to one another

;

therefore each of them is half a right angle.

For the same reason each of the angles CEB, EBC is half

a right angle.

Therefore the whole angle AEB is a right angle.

And because tlie angle GEF is half a right angle, and
the angle EGF a right augl , for it is equal to the interior

and opposite angle ECB ; [I. 9S*.

therefore the remaining angle EFG is half a right angle.

Therefore the angle GEF is equal to the angle EFG, and
the side EG is e(]u:d to the side GF. [I. 6.

Again, because the angle at B is.half a right angle, and the
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angle FDB a right angle, for it is equal to the interior and
opposite angle Ei'B

;
[I. 29.

theiefiire the remaining angle BFD is half a right angle.

Tlierc'ibre the angle at B is equal to tl)e angle BFD,
anil liie side DF is equal to the side DB. [I. 6.

And because ^Cis equal to CE, [Construction.

the square on ^ C is equal to the square on CE
;

therefore the squares on AC, CE are double of the square
on^C.
But the square on AE is, equal to the squares on AC, CE,
because the angle ACE is a right angle

;

[I. 47.

therefore the square on A E is double of the square on AC.

Again, because EG is equal to GF, [Construction.

the square on EG is equal to the square on GF
;

therefore the squares on EG, GF are double of the square
on GF.
But the square on EF is equal to the squares on EG, GF,
because the angle EGF is a right angle

;
[I. 47.

therefore the square on EF is double of the square on GF.

And GF is equal to CD
;

[I. 34.

therefore the square on EF is double of the square on CD.

But it has been shewn that the square on ^^ is also

double of the square on A C.

Therefore the squares on AE, EF are double of the
squares on AC, CD.

But tlic square on ^i^ is equal to the squares on AE,
EF, because the angle AEF is a right angle. [1. 47.

Therefore the square on AF is double of the squares on
AG, CD.

But the squares on AD, DF are equal to the square on
AF, because the angle ADF is a right angle. [I. 47.

Therefore the squares on AD, DF are double of the
squares on AC, CD.

And Z>i^ is equal to DB
;

therefore the squares on AD, DB are double of the
squares on AC, CD.

Wherefore, if a straight line &c. Q.E.D.

5
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PROPOSITION 10. THEOREM.

If a straight line he bisected, and produced to any
point, the square on the whole line thus produced, and
the square on the part of it produced, are together double

of the square on half the line bisected and of the square
on the line made up of the half and the part produced.

Let the straight line AB be bisected at C, and pro-

duced to Z> : the squares on AD, DB sliall be together
double of the squares on A C, CD.

From the point Cdraw CEaX right angles to AB, [I. 11,

und make it equal to AC
or CB; [1.3.

audjoin^^', EB ; through

E draw EF parallel to

AB, and through D draw
Z>F parallel to CE. [1.31.

Then because the straight

line ^/"meetsthe parallels
EC, FD, the angles CEF, EFD are together equal to two
right angles

; [[.29.

and therefore the angles BEF, EFD are together less

than two right angles.

Therefore the straight lines EB, FD will meet, if produced,
towards B, D. [Axiom 12.

Let them meet at G, and join AG.
Then because AC '\?> ecjual to CE, [Construction.

the angle CEA is equal to the angle EA G ;
[I. 5.

and the angle ACE is a right angle
;

[Construction.

therefore each of the angles CEA. EAC is half a right

angle. [I. 32.

For the same reason each of the angles CEB, EBC is half

a right angle.

Therefore the angle AEB is a right angle.

And because the angle EBC is half a right angle,

the angle DBG is also half a right angle, for they are verti-

cally opposite; [1.15.

but the angle BDG is a right angle, because it is equal to

the alternate angle DCE U- 29.

therefore the remaining angle ZJG'.fi is half aright angle, [1. 32.
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and is therefore eqtia] to the angle DBG;
therefore also the side BD is e<ni:il to the side DO. [I. 6.

Again, because the angle f-^(i F is half a right angle,

and the angle at i^ a right angle, for it is equal to the
opposite angle ECD

; [I. 34.

therefore thereniaining angle FEG ishalfaright angle, [1. 32.

and is therefore equal to the angle EGF;
therefore also the side GF is equal to the side FE. [I. 6.

And because EC is equal to CA, the square on EC is

equal to the square on CjI
;

therefore the squares on EC, CA are double of the square
on CA.

But the square on^ /s" is equal to the squares on EC, CA .[1.47.

Therefore the square on AE is double of the square on AC.
Again, because GF is etpial to FE, th6 square on GF is

equal to the squ:u-e on FE ;

therefore the squares on GF, FE are double of the square
on FE.
liut the square on EG is equal to the squares on GF, FE.[i. 47.

Therefore the square on EG is double of the square on FE.
And FE is ecjual to CD

; [I. Z4.

therefore the square on EG is double of the square on CD.
But it has been shewn that the square on AE is double
of the square on A C.

Therefore the squares on AE, EG are double of the
squares on A C, CD.

But the square on AG is equal to the squares on AE,
EG. [I. 47.

Therefore the square on ^6r is double of the squares on
AC, CD.

But tlie squares on AD, DG are equal to tiie stpiare on
AG. [L. 47.

Therefore the squares on AD, DG arc double of the

squares on A C, CD.
And DG is equal to DB

;

therefore the squares on AD, DB are double of the squares
on AC, CD.

Wherefore, if a straight line &c. q.e.d.
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PROPOSITION 11. PROBLEM.

Todicidea given straight line into two parts, so that

the rectangle contained hy the tchale and one of the parts
may be equal to the square on the other part.

Let ABhQ the given straight line: it is required to

divide it into two parts, so that the rectangle contained by

the whole and one of the parts may be equal to the square

on the other part.

On AB describe the square
ABDC; [!. 46.

bisect ^(7 at ^; [f. 10.

join BE: produce C.-/ to F, and
make ^Z' equal to EB

;
[I. 3.

and on AF describe the :i(|;iare

AFGH. [I. 16.

AB shall be divitled at // so

that the rectangle AB. BH is

equal to the square oi All.

Produce GH to A'.

Then, because the straight line

AG \s bisected at E, and pro-
duced to F, the rectangle CF, FA, together with the
S(piare on AE, is equal to the square on EF. [II. 6.

But EF is equal to EB. [Construction.

Therefore the rectangle CF, FA, together v;ith the square
on AE, is equal to the square on EB.
But the square on EB is equal to tlie squares on AE, AB,
because the angle EAB is a right angle. [I. 47.

Therefore the rectangle CF, FA, together with the square
on AE, is equal to the squares on AE, AB.
Take away the s<piare on AE. which is common to both;
therefore the remainder, the rectangle CF,FA, is equal to

the square on AB. [Aodom 3.

But the figure FK is the rectangle contained by CF, FA,
for FG is equal to FA ;

and AD is the square on AB ;

therefore FA' is equal to AD.
Take away the common part A K, and the remainder FR
is equal to the remainder HD. \A xiom 3.
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But JTT) is tlie rectangle contained by AB, BII, for AB is

equal to BD
;

and FH is the square on AH;
theiefoi-e the rectangle ^i?,i?/ris equal to the square on AH.

Wherefore tlu'. straight line AB is divided at H, so that

the rectangle A B, BH is equal to the square on AH. q.e.f.

PROPOSITION 12. THEOREM.

In obtuse-angled triangles, if a perpendicular he drawn
from either of the acute angles to the opposite side pro-
duced, the square on the side subtending the obtuse angle is

greater than the squares on the sides containing the obtuse

angle, by tu:ire the rectangle contained by the side on
which, wlien produced, the perpendicular falls, and the

straight line intercepted without the triangle, between the

perpendicxdar and the obtuse angle.

Let ABC be an obtuse-angled triangle, having the
obtuse angle ACB, and from the point A let AD he drawn
jierpendicular to BG produced : the square on AB shall be
greater than the squares on AC, CB, by twice the rectangle

BC, CD.

Because the straight line

BD is divided into two parts

at the point G, the square on
BD is equal to the squares on
BC, CD, and twice the rectangle

BC, CD. [ri. 4.

To each of these equals add the

square on DA.
Therefore the squares on BD, DA are equal to the squares on
BC, CD, DA, and twice the rectangle BC, CD. [AxiMm 2.

But the square on BA is equal to the squares on BD, DA,
because the angle at Z) is a right angle

;

[I. 47.

andthe square on CA is equal to the squares on CD,DA. [I. 47.

Therefore the square on BA is equal to the squares on
BC, CA, and twice the rectangle BC, CD ;

thatls, the square on BA is greater than the squares on
BC, CA by twice the rectangle BG, CD.

Wherefore, in obtuse-angled triangles &c. q.e.d.
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PROPOSITION 13. THEOREM.

In every triangle, the square on the side subtending
an acute angle, is less titan the squares on the sides con-

taining that angle, by twice the rectangle contained by
either of these sides, and the straight line intercepted

between the perpendicular letfall on it from the opposite

angle, and the acute angle.

Let ABC be any triangle, and the angle at B an acute

angle; and on BC one of the sides containing it, let fall

the perpendicular AD from the opposite angle : the square

on AG, opposite to the angle B, shall be less than the

squares on CB, BA, by twice the rectangle CB, BD.

First, let J Z* fall within the

triangle ABC.
Then, because the straight line

CB is divided into two parts

at the point D, tlie squares on
CB, BD are equal to t\vice the

rectangle contained by CB, BD
and the square on CD. [II. 7.

To each of these equals add the

square on DA.

Therefore the squares on CB, BD, DA are c(|ual to twice

the rectangle CB, BD and the squai'es on CD, DA. [Ax. 2.

But the square on AB is equal to the squares on BD, DA,
because the angle BDA is a riglit angle

;
[I. 47.

and the square on^ Cis equal to the squares on CD,DA .[1.47.

Therefore the squares on CB, BA aie equal to the square

on ^C and twice the rectangle CB, BD ;

that is, the square on ^C alone is less than the squares on

CB, BA by twice the rectangle CB, BD.

Secondly, let ^ Z> fall without
the triangle ABC.
Then because the angle at D is

a right angle, [Construction.

the angle ACB is greater than
a right angle

;
FI. 16.
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and therefore the sciuare on AB is equal to the squares
on AC, CB, and twice the rectangle BC, CD. [II. 12.

To each of tlicse equals add the square on BC.
Therefore the squares on AB, BC are equal to the square
on AC, and twice the square on BC, and twice the rect-

angle BC, CD. [Axiom 2.

But because BD is divided into two parts at C, the rect-

angle DB, BC is equal to the rectangle BC, CD and the
square on BC

;

[II. 3.

and the doubles of these are equal,

that is, twice the rectangle DB, BC is equal to twice the
rectangle BC, CD and twice the square on BC.

Therefore the squares on AB, BC are equal to the square
on AC, and twice the rectangle DB, BC

;

that is, the square on A C alone is less than the squares on
AB, BC by twice the rectangle DB, BC.

Lastly, let the side ^C be perpendicular

to BC.

Then BC is the straight line between the

perpendicular and the acute angle at B
;

and it is manifest, that the squares on
AB, BC are equal to the square on AC,
and twice the square on BC. [I. 47 and Ax. 2.

Wherefore, in every triangle &c. ^.e.d.

PROPOSITION 14. PROBLEM.

To describe a square that shall be equal to a given recti-

linealfigure.

Let A be the given rectilineal figure : it is required to

describe a square that shall be equal to A.

Describe the rect-

angular parallelogram

BCDEe(\<xaX tothe rec-

tilineal figure A. [1. 45.

Then If the sides of it,

BE, ED are equal to

one another, it is a

square, and what was
required is now done.
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But if they are not equal, produce one of them BE to F,
uuike EF equal
to ED, [I. 3.

;ind bisect BF
at G

;
[T. 10.

from the centre

G, at the distance

GB, or GF, de-

scribe the semi-
circle BHF, and
produceDE to H.

'I'lie square described on EH shall be equal to the given
rectilineal figure A

Join GH. Then, because the straight line BF is divided
into two equal parts at the point G, and into two unequal
parts at the point E, the rectangle BE, EF, together with
the square on GE, is equal to the square on GF. [II. 5.

But GF is equal to GH.
Therefore the rectangle BE, EF, together with the square
on GE, is equal to the square on GH.
But the s(iuare on ^//is equal to the squares on GEjEH-^lA"].

therefore the rectangle BE, EF, together with the square
on GE, is equal to the squares on GE, EH.
Take away the square on GE, which is common to both

;

therefore the rectangle BE, EF is equal to the square on
EH. [Aodom 3.

But the rectangle contained by BE, EF is the parallelo-

gram BD,
because EF is equal to ED. [Comtruction.

Therefore BD is equal to the square on EH.
But BD is equal to the rectilineal figure A. [Comtruction.

Therefore the square on EH is equal to the rectilineal

figure A.

Wherefore a square has been made equal to the given
rectilineal figure A, namely, the square described on
EH. QE.F.
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DEFINI'l'lO.NS.

1. Equal circles are those of which the diameters are

equal, or from the centres of wiiich the straight lines to

the circumferences are equal.

This is not a definition, but a theorem, the truth of

which is evident ; for, if the circles be applied to one
another, so that their centres coincide, the circles must
likewise coincide, since the straight lines from the centres
are ecjual.

2. A straight hue is

said to toucli a circle,

when it meets the circle,

and being produced does

not cut it.

3. Circles are said

to touch one another,

which meet but do not

cut one another.

4. Straight lines are said to

be equally distant from the centre
of a circle, when tlie perpendicu-
lars drawn to them from the centre
are equal.

5. And the straight line on
which the greater perpendicular
falls, is said to be farther from the
centre.



72 EUCLID'S ELEMENTS.

6. A segment of a circle is the

figure contained by a straight line

and the circumference it cuts off.

7. The angle of a segment is that

which is contained by the straight

line and the circumference.

8. An angle in a segment is

the angle contained by two straight

lines drawn from any point in the

circumference of the segment to

the extremities oi the straight line

which is the base of the segment.

9. And an angle is said to in-

sist or stand on the circumference
intercepted between the straight

lines which contain the angle.

10. A sector of a circle is the

figure contained by two straight

lines drawn from the centre, and
the circumference between them.

11. Similar segments of

circles are those in which
the angles are equal, or which
contain equal angles.

[^Note. In the following propositions, whenever the expression
"straight lines from the centre," or "drawn from the centre,''

occurs, it is to be understood that the lines are drawn to the cir-

cvunference.

Any portion of the circumference is called an arc]

PROPOSITION 1. PROBLEM.

To find the centre of a given circle.

Let ABC be the given circle : it is recjuired to find its

centre.
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Draw within it any straight

line AB, and b.sect AB
at D

;
[I. 10.

from the point D draw DC
at riglit angles to AB

; [1. 11.

produce CD to meet the cir-

ciiinference at E, and bisect

GE at F. [I. 10.

The point F shall be the centre
of the circle ABG.

For if F be not the centre,

if possible, let G be the centre ; and join GA, GD, GB.
Then, because DA is equal to Z>7?, [Constntction.

and DG is common to the two triangles ADG, BDG
;

the two sides AD,DG are equal to the two sides BD, DG,
each to each

;

and the base GA is equal to the base GB, because they are
drawn from the centre G

; fl. Befiniiion 15.

therefore the angle ADG is equal to the angle BDG. [I. 8.

But when a straight line, standing on another straight line,

makes the adjacent angles equal to one another, each of

the angles is called a right angle
;

[I. Definition 10.

therefore the angle BDG is a right angle.

But the angle BDF is also a right angle. {Construction.

Therefore the angle BDGis equal to the angle BDF, [Ax. 11.

the less to the greater ; which is impossible.

Therefore G is not the centre of the circle ABC.
In the same manner it may be shewn that no other point

out of the line CE is the centre
;

and since CE is bisected at F, any other point in CE
divides it into unequal parts, and cannot be the centre.

Therefore no point but F is the centre
;

that is, F is the centre of the circle ABC:
which was to hefound.

Corollary. From this it is manifest, that if in a circle

a straight line bisect another at right angles, the centre of

the circle is in the straight line which bisects the other.
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PROPOSITION 2. THEOREM.

If any two jwiiiis be taken in the circumference of a
circle, the straight line which joins them shallfall within
the circle.

Let ABC be a circle, and A and B any two points in

the circumfeience : the straight line drawn from A to B
shall fall within the circle.

For if it do not, let it fall, if

possible, without, as AEB.
Find D the centre of the circle

ABC; [III. 1.

and join DA, DB ; in the arc

AB take any point F, join DF,
and i^roduce it to meet the
straight line AB at E.

Then, because DA is equal
to DB, [I. Definition 15.

the angle DAB is equal to the angle DBA. [I. 5.

And because AE, a side of the triangle DAE, is pro-

duced to B, the exterior angle DEB is greater than the
interior opposite angle DAE. [I. 16.

But the angle Z>^1£' was shewn to be equal to the angle DBE\
therefore the angle DEB is greater than the angle DEE.
But the greater angle is subtended by the greater side

; [ ! . 19.

therefore DB is greater than DE.

But DB is equal to DF
;

[I. Definition 15.

therefore DF is greater than DE, the less than the greater

;

which is impossible.

Therefore the straight line drawn from A to B does not
fall without the circle.

In the same maimer it may be shewn that it does not
fiill on the circumference.

Therefore it falls within the circle.

Wherefore, if any two points &c. q.e.d.

PROPOSITION :;. THEOREM.

If a straight line drawn Ihrough the centre of a circle,

Insect a straight line in it which does not pass through the
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centre., it shall cut it at right anyles ; and if it cut it at

right angles it shall bisect it.

Let ABC be a circle ; and let CD, a straij^lit line drawn
through the centre, bisect any straight line ^^ /A which does

not pass through the centre, at the point F: CD shall cut

A B at right angles.

Take E the centre of the
circle; andjoin^J, ^Z?. [III.l.

Then, because AF\^ equal

to FB, [H
ij
pothesis.

and FE is common to the two
trian-ltis A FE, BFE

;

the two sides AF, FE are
equal to the two sides BF,FE,
each to each

;

and the base EA is equal to the base EB; [f. Btf. 15.

therefore the angle ^/'"'^ is equal to the angle BFE. [I. 8.

But when a straight line, standing on another straight line,

makes the adjacent angles equal to one another, each of

the angles is called a right angle
;

[I. Definition 10.

therefore each of the angles A FE, BFE is a right angle.

Therefore the sti-aight line CD, drawn through the centre,

bisecting another AB which does not pass through the

centre, also cuts it at right angles.

But let CD cut AB at right angles: CD shall also

bisect AB; that is, AF shall be equal to FB.
Tlie same construction being made, because EA, EB,

drawn from the centre, are equal to one another, [I. Def. 15.

the angle EAF is equal to the angle EBF. [I. 5.

.And the right angle AFE is equal to the right angle ^i^.^".

Therefore in the two triangles EAF, EBF, there are two
angles in the one equal to two angles in the other, each to

each
;

and the side EF, which is opposite to one of the equal

angles in each, is connnon to both

;

thei'efore their other sides arc equal; "^ 26.

therefore AF \s, equal to FB.
Wherefore, if a straight line &c. q.e.d.
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PROPOSITION 4. THEOREM.

If in a circle t>rn sstrainlit lines cut one another, which
do not bot?i pass through the centre, they do not bisect one
another.

Let ABCD be a circle, and AC, BD two straight lines

in it, which cut one another at the point E, and do not both
pass through the centre: AC, BD shall not bisect ono
another.

If one of the straight lines

pass through the centre it is plain

that it cannot be bisected by
the other which does not pass
through the centre.

But if neither of them pass
througli the centre, if possible,

let ^^ be equal to EC, and BE
equal to ED.
Take F the centre of the circle [III. 1.

and join EF.
Then, because FE, a straiglit line drawn through the

centre, l)isects another straight line A C which does not pass
througli the centre

;
[Hypothesis.

FE cuts ^C at right angles

;

[III. 3.

therefore the angle FEA is a right angle.

. Again, because the straiglit line FE bisects the straight

line BD, which does not pass through the centre, VHyp.

FE cuts BD at right angles
;

[III. 3.

therefore the angle FEB is a right angle.

But the angle FEA was shewn to be a right angle

;

therefore the angle FEA is equal to the angle FEB, {Ax. 11.

the less to tlie greater ; \vhieli is impossible.

Therefore AC, BD do not bisect each other.

Wherefore, if in a circle &c. q.e.d.

PROPOSITION 5. THEOREM.

If ttco circles cut one another, theij shall not have the

same centre.

Let the two circles ./ BC, CDG cut one another at the



BOOK in. 11

points i^, C: they shall nut iiave the siiiiic ccutro.

For, if it he possible, let E
be thoir centre

;
join EC^ and

draw any straight line EFG
meeting the eireuniterences at

F and G.

Then, because E is the cen-

tre of the circle ABC, EC is

equal to EF. [I. Dejhdtion 15.

Again, because E is the centre

of tlie circle CDG, EC is equal

to EG. [I. Definition 15.

But EG was shewn to be equal to EF

;

therefore EF is equal to EG, [Axiom 1.

the less to the greater ; which is impossible.

Therefore E is not the centre of the circles ABC, CDG.
Wherefore, if two circles &c. q.e.d.

PROPOSITION 6. THEOREM,

If two circles touch one anofher Intcrtiallij, they shall

not have the same centre.

Let the two circles ABC, CDE touch one another inter-

nally at the point C : they shall not have the same centre.

For, if it be possible, let

F be their centre
;
join FC,

and draw any straight line

FEB, meeting the circum-

ferences at E and B.

Then, because F is the

centre of the circle ABC,
FGis equal to FB. [I. Bef. 15.

Again, because F is the

centre of the circle CDE,
FC is equal to FE. [I. Definition 15.

But FC was shewn to be equal to FB
;

therefore FE is equal to FB, [Axiom \.

the less to the greater ; wliich is impossible.

Therefore i^is not the centre of the circles ABC, CDE.
Wherefore, if two circles &c. q.k.d
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PROPOSITION 7. THEOREM.

If any point be taken in the diameter of a circle which
is not the centre, of all the straight lines which can be
drawn from this point to the circumference, the greatest
is that in which the centre is, and the other part of the

diameter is the least; and, of any others, that which is

nearer to the straight line which passes through the centre,

is always greater than one more remote; aftd from, the

same point there ran be drawn to the circumference two
straight lines, and only two, tchich are equal to one ano-
ther, one on each side rfthe shortest line.

Let ABCD be a circle ard AD its diameter, in which
let any |)oiiit F be taken Avhich is not the centre ; let E be
the centre : of all tlie straight lines FB, FC, FG, &c. that
can be drawn from F to the circumference, FA, which
passes throu^rh E, shall be the greatest, and FD, the other
part of the iliameter AD, shall be the least ; and of the

others FB shall be greater than FC, and FC than FG.

Join BE, CE, G E.

Then, because any two sides

of a triangle are greater than the

third side, [I. 20.

therefore BE, EF are greater

than BF.
But 5^ is equal ioAE; [I.7)f/.15.

therefore AE, EF are greater

than BF,
that is, AF is greater than BF.

Again, because BE is equal to CE, [I. Definition 15.

and EFis, common to the two triangles BEF, CEF;
the two sides BE, EF are equal to the two sides CE, EF,
each to each ;

but the angle BEF is gi-eater than the angle CEF

;

therefore the base FB is greater than the base FC. [I. 24.

In the same manner it mav be shewn that FC is greater

than FG.
Again, because GF, FE are greater than EG, [I. 20.
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' and that EG is equal to ED
; [I. Dejmitian 16.

therefore GF, FE are greater than ED.
Take away the common part FE, and the remainder GF is

greater than the remainder FD.
Therefore FA is the greatest, and FD the least of all

the straight lines from F to the circumference ; and FB is

greater tlian FC, and FC than FG.
Also, there can be drawn two equal straight lines from

the point F to the circumference, one on each side of the
shortest line FD.

For, at the point E, in the straight line EF, make the
angle FEII equal to the angle FEG, [I. 23.

and join FH.
Then, because EG is equal to EH, [I. Definition 15.

and EF is common to the two triangles GEF, HEF;
the two sides EG, EF are equal to the two sides E/{, EF,
each to each

;

and the angle GEF is equal to the angle HEF
;

{Constr.

therefore the base FG is equal to the base FU. [I. 4
But, besides FH, no other straight line can be drawn

from i^to the circumference, e<jual to FG.
For, if it be possible, let i^A'be equal to FG.

Then, because FK is equal to FG, [Hypothesis.

and /V/is also equal to FG,
therefore FH is equal to FIC

;

[Axio7n 1.

that is, a line nearer to that which passes through the
centre is equal to a line which is more remote

;

which is impossible by what has been already shewn.

Wherefore, if any 2}otnt he taken &c. q.e.d.

PEOPOSITION 8. THEOREM.

If any point he taken without a circle, and straight

lines he draicnfroni it to the circumference, one of which
pa.ises (hroHgh the centre; of thoad which fall on the con-

cave circumference, the greatest is that irhich passes
through the centre, and <f the rest, that ichirh is nearer
to the one pas-sing through the centre i.i alwag.t greater
than one more remote; hut of those which fall on the

6
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convex circumference, the least is that hettceen the point

without the circle and the diameter ; and of the rest, that

which is 1)carer to the least /s aiways less than one more
remote; andfrom the samr pdnt there can be drawn to

the circumference two straig/it lines, and oidi/ tir<>, which
are equal to one another, one on each side of the shortest line.

Let ADC be a circle, and D any point without it, and
from D let the straight lines DA, DE, L>F, 1>< be drawn
to the circumference, of which 7>yi passes through the centre:

of tliO^c whicli fall (in the concave circumference -i-SJ/X-', the

greatest .sliall be DA which passes through tlie centre, and
the nearer to it shall be greater than the more remote,

namely, DE greater than I)F, and DF greater than DC\
but of those which fall on the convex circumference GKLH,
the least shall be DG between the point D and the dia-

meter AG, and the nearer to it shall be less than the more
remote, namely, Z>A'less than DL, and DL less than DH.

Take M, the centre of the

circle ABC, [III. 1.

and join ME, MF, MC, MH,
ML, MK.

Then, becau.se any two sides

of a triangle are greater than

the third side, [I. 20.

therefore EM, MD are greater

than ED.
But ^71/ is equal ioAM;\l.Di'f.l5.

therefore AM, MD are greater

than ED,
that is, AD {?, greater than ED.

Again, because EM is equal
to FM,
and MD'is, common to the two
triangles EMD, FMD

;

the two sides EM,MD are equal to the two sides FM, MD,
each to each

;

but the angle EMD is greater than the angle FMD
;

therefore the base ED is gi-eater than the base FD. [1. 24.

In the same manner it may be shewn that FD is

greater than CD.
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Therefore DA is the greatest, and DE greater than DF,
and DF greater than DC.

Again, because MK., KD are greater tliaii MD, [I. 20.

andMK is equal to MG, [[. Definition 15.

the remainder KD is greater than the rennnnder GD,
that is, GD is less than KD.

And because MLD is a tiiangle, and I'runi the points

M, D.J the extremities of its side MD, the straight hnes
MK, DK are drawn to tlie point K within the triangle,

therefore MK, KD are less than ML, LD
; [I. 21.

and MKh equal to ML
;

[[. Definition 15.

therefoi-e the remainder A'Z* is less than the remamder ZZ>.

In the same manner it may be shewn that LD is less

than BD.
Therefore DG is the least, and DK less than /)Z, and DL
less than DH.

Also, there can be drawn two equal straight lines from
the point D to the circumference, one on each side of the
least line.

For, at the point M, in the straight line MD, make the
angle DMB equal to the angle DMK, [I. 23.

and join DB
Then, because MK is equal to MB,

and 3fD is common to the two triangles KMD, BMD
;

the two sides KM,MD are equal to the two sides BM, MD,
each to each

;

and the angle DMK is equal to the angle DMB ; [Comtr.

therefore the l)ase DK \s equal to the base DB [I. 4.

But, besides DB, no other straight line can be drawn
from D to the circumference, equal to DK

For, if it be possible, let DNhe equal to DK.
Then, because DN is equal to DK,
and DB is also equal to DK,
tliereforc DB is equal to DN; [Axiom 1.

that is, a line nearer to the least is equal to one which is

more remote

;

which is impossible by what has been already shewn.

Wherefore, if any point he taken &c. q.e.d.
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PROPOSITION 9. THEOREM.

If a poi7it he taken within a circle, from which there

fall more than two equal straight lines to the circum-
ference, that iJoint is the centre of the circle.

Let the point D be taken within the circle ABC, from
which to the circumference there fall more than two equal
straight lines, namely DA, DB, DC: the point D shall be
the centre of the circle.

For, if not, let E be the centre

;

join Z>^and j)roduce it both ways to

meet the circumference at F and G
;

then FG is a diameter of the circle.

Then, because in FG, a diameter
of the circle ABC, the point D is

taken, which is not the centre, DG
is the greatest straight line from D
to the circumference, and DC is greater than DB, and
DB greater than DA

; [III. 7.

but they are likewise equal, by hypothesis

;

which is impossible.

Therefore E is not the centre of the circle ABC.
In the same manner it may be she^vn that any other

point than D is not the centre
;

therefore D is the centre of the circle ABC.
Wherefore, if a point he taken &c. q.e.d.

PROPOSITION 10. THEOREM.

One circumference of a circle cannot cut another at

more than two points.

If it be possible, let the circumference ABC cut the

circumference DEF at more

than two points, namely, at the

points B, G, F.

Take A' the centre of the

circle ABC, [m. 1-

and join KB, KG, KF.

Then, because K is the

centre of the circle ABC,
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therefore KB, KG, A^Farc all equal to each otlier. [I. Def. 15.

And because within the circle DEF, the pi)int K is taken,

from which to the circumference DEF fall nioi'e tliaii two
equal straight lines K11, KG, KF, therefore K is the
centre of the circle DEF". [III. 9.

But ^is also the centre of the circle ABC. [Construction.

Therefore the same point is the centre of two circles

which cut one anotlier

;

which is impossible. [III. 5.

Wherefore, one circumference &c. q.e.d.

PROPOSITION 11. THEOREM.
Iftipo circles touch one another internally, the straight

line tchich joins their centres, beinrj^ pt^oduced, shall pass
through the point af contact.

Let the two circles ABC, ADE touch one another inter-
nally at the point A ; and let F be the centre of the circle

ABC, and G the centre of the circle ADE: the straight
line which joins the centres F, G, behig produced, shall

pass through the point A.

For, if not, let it pass otherwise,

if possible, as FGDH, and join

AF,AG.
Then, because AG, GF are

greater than AF, [I. 20.

and ^i^ is equal to HF, [I. Dtf. 15.

therefore AG, GF, are greater

than HF.
Take away the common part GF;
therefore the remainder ^G^ is greater than the remainder
HG.
But AG'\^ equal to DG. [I. Definition 15.

Therefore DG is greater than HG, the less than tlie greater

;

which is impossible.

Therefore the straight line which joins the points F, G,
being produced, cannot pass otherwise than through the
point A,

that is, it must pass through A.

Wherefore, iftipo circles &c. q.e.d.
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PROPOSITION 12. THEOREM.

If two circles touch one nyiother externally, the straight

line which joins their centres shall pass through the point

of contact.

Let the two circles ABC, ADE touch one another ex-

ternally at the point A\ and let F lie the centre of the

circle ABC, and G the centre uf the circle ADE: the

straight line wiiich joins the points F, G, shall pass through
the point A.

For, if not, let it

pass otherwise, if pos-

sible, as FCDG, and
join FA, AG.

Then, because FiS
the centre of the cir-

cle ABC, FA is equal

to FC; [l.Def. 15.

and because G is the

centre of the circle ADE, GA is ctjual to GD
;

therefore FA, AG are e<]ual to FC. DG. [Axiom 2.

Therefore the whole FG is greater than FA, AG.
But FG is also less than FA, AG

;
[I. 20.

which is impossible.

Tlicrefore the straight line which joins the points F, G,

canncjt pass otherwise than through the point A,

that is, it must pass through A.

Wherefore, if two circles &c. q.e.d.

PROPOSITION 13. THEOREM.

One circle cannot toucli another at more points than

one, whether it touches it on the inside or outside.

For, if it be possible, let the circle EBF touch the

circle ABC at more points than one; and first on the

inside, at the points B, D. Join BD, and draw 6^//^ bisect-

ing BD at right angles. [I. 10, 11.

Then, because the two points B, D are in the circum-

ference of each of the circles, the straight line BD falls

within each of tliem

;

[iil. 2.
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and therefore the centre of each circle is in the straight
line GH which bisects BD at right angles

;
[III. 1, Corol.

therefore (y/Z^ passes through the point of contact. [III. 11.

But GH does not pass through the point of contact, be-
cause the points B, I) are out of the line GH

;

which is absurd.

Therefore one circle cannot touch another on the inside at
more points than one.

Nor can one circle touch an-

other on the outside at move
points than one.

For, if it be possible, let the

circle ACK touch the circle ABC
at the points A^ C. Join AC.

Then, because the two points

A, G are in the circumference of

the circle ACA', the straight line

A C which joins them, falls within

the circle y46'A'; [III. 2.

but the circle ACK is without the circle ABC; [Hypothcsk.

therefore the straight line ^Cis without the circle ABC.
But because the two j)oints A, C are in the circumference

of the circle J ^C, the straight line ^4C falls within the

circle .^56'; [III. 2.

which is absurd.

Therefore one circle cannot touch another on the outside

at more points than one.

And it has been shewn that one circle cannot touch
another on the inside at more points than one,

Wherefore, one circle &c. q.e.d.
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PEOPOSITION 14. THEOREM.

Equal straight lines in a circle are equally distantfrom
the centre: and those tchich are equally distant from the

centre are equal to one another.

Let the straight lines AB, CD in the circle ABDC, be
equal to one another : they shall be equally distant from
the centre.

Take E, the centre of the

circle ABDC; [III. 1.

and from E draw EF, EG per-

pendiculars to AB, CD; [I. 1-2.

and join EA, EC.

Then, becaiise the straight

line EF, passing through the
centre, cuts the straight line AB,
which does not pass through the

centi'e, at right angles, it also bisects it

;

[III. 3.

therefore ^i^is equal to FB, and AB is double of AF.
For the like reason CD is double of CG.

But AB 19, equal to CD
;

[Hypotkesia.

therefore ^4i^is equal to CG. [Axiom 7.

. And because AE is equal to CE, [I. Definition 15.

the square on AE \s equal to the square on CE.

But the squares on AF, FE are equal to the square on AE,
because the angle AFE is a right angle

;

[I. 47.

and for the like reason the squares on CG, GE are equal to

the square on CE;
therefore the squares on AF, FE are equal to the squares

on CG, GE. [Axiom 1.

But the square on ^i^ is equal to the square on CG,
because ^^ is equal to CG

;

therefore the remaining square on FE is equal to the re-

maining square on GE; [Axiom 3.

and therefore the straight line EF is equal to the straight

line EG.

But straight lines in a circle are said to be equally distanij
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from the centre, when the perpendiculars drawn to them
from the centre are equal

;

[III. Defnition 4.

therefore AB, CD are equally distant from the centre.

Next, let the stiaight lines AB, CD be equally distant

Prom the centre, that is, let EFhe equal to EG: AB shall

oe equal to CD.

For, the same construction benig made, it may be

shewn, as before, that AB i?. double of AF, and CD double

of CG, and tliat the squares on EF, FA are equal to the

squares on EG, GC\
but the square on EF is equal to the square on EG,
because EF is equal to EG

;
[Hypothesis.

therefore the remaining square on FA is equal to the re-

maining square on GC, [Axiom 3.

and therefore the straight line ^i^ is equal to the straight

line CG.

But AB was shewn to be double of AF, and CD double
ofCG=.

Therefore AB is equal to CD. [Axiom 6,

Wherefore, equal straight lines &c. q.e.d.

4=^B

PROPOSITION 15. THEOREM.
The diameter is the greatest straight line in a circle ;

and, of all others, that which is nearer to the centre is

always greater titan one more remote ; and the greater
is nearer to the centre than the less.

Let ABCD be a circle, of which ^Z) is a diameter, anil

E the centre ; and lot BC be nearer to the centre than FG :

AD shall be greater than
any straight line B(- which
isnot a diameter, and BC shall

be greater than FG.
From the centre E draw

EH, EK perpendiculars to

BC, FG, [I. 12.

and join ^5, EC, EF.
Then, because AE is equal

to^^", andED to EC, [l.Dcf. 15.

therefore AD is. equal to BE, EC; [Axiom 2.
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but BE, EC are greater than BC
; [I. 20.

therefore also AD is greater than BC.

And, because BC is nearer to

tlie centre than FG, [Hypothesis.

EH is less than EfC. [LlLDef.-i.

Now it may be shewn, as in the

preceding proposition, tliat BC
is double of JiH, and FG double
of FK. and that the squares on
FH, HE are equal to the squares
en EK, KF.
But the square on EH is less than the square on EK,
because EH is less than EK ;

therefore the square on HB is L'reater than the square
on KF;
and therefore the straight lino BH is greater than the

straight line FK
;

and therefore BC is greater than FG.

Next, let BC be greater than FG : BC shall be nearer

to the centre than FG, that is, the same construction

being made, EH shall be less than EK.
For, because BC is gj-eater than FG, BH is greater

tiian^A'.

But the squares on BH, HE are equal to the squares on

FK, KE;
and the square on BH is greater than the square on FK,
because BH is greater than FK

;

tlierefore the square on HE is less than the square on KE ;

and therefore the straight line EH is less than the straight

line EK
Wherefore, the diameter &c. q.e.d.

PROPOSITION 16. THEOREM.

The straight line drairn at right angles to the diameter
of a circle from the ej'trem.i>Aj of it, falls without the

circle; and no s'ra ght line can he drawn from the

extremity, hetwef,n that straight line and the circumfer'
ence, sj as not to cut the circle.
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[Hypothesis,

Let ABC be a circle, of wliich I) is the centre and

AB a diameter: the straight line drawn at right an-les to

AB, from its extremity A, shall fall without tiie circle.

For, if not, let it full, if pos-

sible, within the circle, as At\
and draw DC to the point C,

where it meets the circumference.

Then, because DA is equal to

DC, [I. Definilion 15.

the angle DAC is equal to the

angle DCA. [I. 5.

But the angle DAC'i^ a right angle

;

therefore the angle DCA is a right angle
;

and therefore the angles DAC, DCA are equal to two
right angles; which is impossible. [I. 17.

Therefore the straigiit line drawn from A at right angles to

A B does not fall within the circle.

And in the same manner it may be shewn that it docs

not fall on the circumference.

Therefore it must fall without the circle, as AE.

Also lietween the straight line AE and the circumfer-

ence, no straight line can l)e drawn from the point A, which
does not cut the circle.

For, if possible, let AF ha between
• tliem ; and from the centre D draw
DG perpendicular io AF; [I. 12.

let DG meet the circiunference at H.

Then, because the angle DGA is a

right angle, [Construcivm.

the angle DAG is less than a right

angle; [I. 17.

therefore DA is greatcrthan DG. [1.10.

But DA is equal to DIl

,

[I. Definition 15.

therefore DH\s greater than DG, the less than the greater;
which is impossible.

Therefore no straigiit line can be drawn from the point

A between AE and the circumference, su as not to cut the
circle.
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Wherefore, the straight line &c. q.e.d.

CoROLLAKY. Froiu tliis it is manifest, that the straight

line which is drawn at right angles to the diameter of a
circle from the extremity of it, touches the circle

; [\ll.Def.2.

and that it touches the circle at one point only,

because if it did meet the circle at two points it would fall

within it. [HI. 2.

Also it is evident, that there can be but one straight line

which touches the circle at the same point.

PROPOSITION 17. PROBLEM.

To draw a straight line from a given point, either

without or in the circumference, which shall touch a given
circle.

First, let the given point A be without the given circle

BCD : it is required to draw from A a straight line, which
shall touch the given circle.

Take E, the centre of the

circle, [III. 1.

and join ^ £^ cutting the circum-

ference of the given circle at D

;

and from the <ientre E, at the

distance EA , describe the circle

AFG; from the point D draw
DF at right angles to ^^

,
[1. 11.

and join EF cutting the circum-
ference of the given circle at B

;

join AB. AB shall touch the circle BCD.
For, because E is the centre of the circle AFG, EA 1?

equal to EF. [I. Definition 15.

And because E is the centre of the circle BCD, EB is

equal to ED. [I. Definition 15.

Therefore the two sides AE, EB are equal to the two sides

FE, ED, each to each

;

and the angle at E is common to the two triangles AEB,
FED;
therefore the triangle AEB is equal to the triangle FED,
and the other angles to the other angles, each to each, to

which the equal sides are opposite; [I. 4.
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therefore the ansrle ABE is equal to the angle FDE.
But the angle FDE is a right angle

;

[Construction.

therefore the angle ABE is a right angle. [Aodom 1.

And EB is drawn from the centre ; but the straight line

drawn at right angles to a diameter of a circle, from the
extremity of it, touches the circle

;
[III. IG, Corollary.

therefore AB touches the circle.

And AB is drawn from the given point A. q.e.f.

But if the given point he in the circumference of the

circle, as the point D, draw DE to tlie centre E, and DF at

right angles to Z>^; then Z>^ touches the circle. [III. 16, Cor.

PROPOSITION 18. THEOREM.

If a strai(jht line touch a circle the straight line drawn
from the centre to the point of contact shall he perpen-
dicular to tJie line touching the circle.

Let the straight line DE touch the circle ABC at the

point C; take F, the centre of the circle ABC\ and draw
the straight line FG: i^6' shall be perpendicular to DE.

For if not, let FG be drawn from the point F perpen-
dicular to DE, meeting the cir-

cumference at B.

Then, because FGC is a right
angle, [Ihipothcds.

FCG is an acute anule
;

[I. 17.

and the greater angle of every
triangle is subtended by the
greater side

;

[I. 19.

therefore FC is greater than FG.
But FC is equal to FB

;

[I. Definition 15.

therefore FB is greater than FG, the less than the greater;
which is impossible.

Therefoi-e FG is not perpendicular to DE.
In the same manner it may be shewn that no other

straight line from F is perpendicular to DE, but FC;
therefore FCis perpendicular to DE.

Wherefore, {/'a straight line &c. q.e.d.
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PROPOSITION 19. THEOREM.
If a straight line touch a circle, and from the point of

c intact a straight line be drawn at right angles to the
touching line, the centre of the circle shall be in that line.

Let the straight line DE touch the circle ABC at C,

and from G let t'A be diinvn at riglit angles to DE: the
centre of the circle shall he in CA.

For, if not, if possible, let F be
the centre, and join CF.

Then, because DE touches the circle

ABC, and F(J is drawn from the
centre to the point of contact, FG
is perpendicular to DE; [III. 18.

thcreforetheanglei^6'£'isa right angle.

But the angle AGE is also a right

angle; [ConxU-uction

.

therefore the angle FCE is equal to the angle ^CjE", [Ax. 11.

the less to the greater ; which is impossible.

Therefore Fh not the centre of the circle ABC.
In the same manner it may be shewn that no other point

out of CA is the centre ; therefore the centre is in CA.

Wherefore, if a straight line &c. q.e.d.

PROPOSITION 20. THEOREM.
The angle at, the centre of a circle is double of the angle

at the circiunference on the same base, that is, on the same
arc.

Let ABC he a circle, -uul BE(^ .m angle at the centre,

and BAG an angle at the circumference, which have the

same arc, BG, for their base : the angle BEG shall be
double of the angle BAG.

Join AE, and produce it to F.

First let the centre of the circle

be within the angle BAG.
Then, becnuse EA is equal to

EB, the angle EA B is equal to the

angle EBA : [I. 5.

therefore the angles EAB, EBA
are double of the angle EAB.
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But the angle BEFis equal to the angles EAB, EBA
;
[1.32.

tlierefore the jingle BEF is double of the angle EAB.
For the same reason the angle FEC is double of the

angle EAC.
Therefore the whole angle BEC is double of the whole
angle BA C.

Ne.xt, let the centie of the circle

be without the angle BA C.

Then it may be shewn, as inthe first

case, that the angle EEC is double of

the angle FAC, and that the angle
FEB,^ part of the first, is double of

the angle FAB, a part of the other;

therefore the remaining angle BEC is

double of the remaining angle BAG.
Wherefore, tlie avgJe at the centre &c. q.e.d.

PEOI OSITIUN 21. THEOREM.

The angles in the same segment cf a circle are equal to

one another.

Let ABCD he a circle, and BAD. BED angles in the
same segment BAED: the angles BAD, BED shall be
equal to one another.

Take F the centre of the circle

ABCD. [III. 1.

First let the segment BAED be
greater than a semicircle.

Join BE, DF.
Then, because the angle BED is

at the centre, and the angle BAD is

at the circmnfc rence, and that they
have the same arc for their base, *-

namely, BCD;
therefore the angle BED isdoubleof theangle BAD.[l\l.2Q.

For the same reason the angle BED is double of the angle
BED.
rherefore the angle BAD is equal to the angle BED. [Ax. 7.
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Next, let the segment BAED be not greater than a
semicircle.

,

Draw AF to the centre, and pro-

duce it to meet the circumference at

C, and join CE.

Then the segment BAEC is

greater than a semicircle, and there-

fore the angles BAG, BEG in it, are

equal, by the first case.

For the same reason, because the

segment GAED is greater than a

semicircle, the angles GAD, CED are equal.

Therefore the whole angle BAD is equal to the whole
angle BED. [Aodom 2.

Wherefore, the angles in the same segment &c. q.e.d.

PROPOSITION 22. THEOREM.

The opposite angles of any quadrilateral figure in-

scribed in a circle are together equal to two right angles.

Let ABGD be a quadrilateral figure inscrib^jd in the

circle ABGD : any two of its opposite angles shall be toge-

ther equal to two right angles.

Join^C, BD.
Then, because the three angles

of every triangle are together

equal to two right angles, [T. 32.

the three angles of the triangle

GAB, namely, GAB, AGB, ABG
are together equal to two right

angles.

But the angle GAB is equal to the angle CDB, because
they are in the same segment GDAB; [III. 21.

and the angle AGB is equal to the angle ADB, because
they are in the same .segment ADGB ;

therefore the two angles GAB, AGB are together equal
to the whole angle ADG. {Axiom, 2.

To each of these equals add the angle ABC ;
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therefore the three angles CAB^ ACB, ABC, are equal to
the two angles ABC, ADC.
But the angles CAB, ACB, ABC are together equal to
two right angles

; [I. 32.

therefore also the angles ^^C, ADC siVQ together equal to

two right angles.

In the same manner it may be shewTi that the angles
BAD, BCD are together equal to two right angles.

Wherefore, the opposite angles &c. q.e.d.

PROPOSITION 23. THEOREM.

On the same straight line, and on the same side cf it,

there cannot be two similar segments of circles, not coin-

ciding with one another.

If it be possible, on the same straight line AB, and on
the same side of it, let there be two similar segments of

circles ACB, ADB, not coincieling with one another.

Then, because the circle ACB
cuts the circle ADB at the two
points A, B, they cannot cut one
another at any otlier point -,[111.10.

therefore one of the segments
must fall within the other; let

ACB fall within ADB; draw the

straight line BCD, and join AC, AD.
Then, because ACB, ADB are, by hypothesis, similar

segments of circles, and that similar segments of circles

contain equal angles, [III. Definition 11.

therefore the angle ACB is equal to the angle ADB
;

that is, the exterior angle of the triangle ACD is equal to

the interior and opposite angle

;

which is impossible. [I. 16.

Wherefore, on tlie same straight line &c. q.e.d.
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PROPOSITION 24. THEOREM.

Similar segments of circles on equal straight linet are
equal to one another.

Let AEB, CFD be similar segments of circles on the
equal straight lines AB, CD : the segment AEB shall be
equal to the segment CFD.

For if the segment e
AEB be applied to

the segment CFD.
so that the point A A
may be on the point

C, and the straight line AB on the straight line CD, the
point B will coincide with the point D, because ^^ is

equal to CD.

Therefore, the straight line^5 coinciding with the straight

line CD, the segment AEB must coincide with the seg-

ment C/'/J; [III. 23.

and is therefore equal to it.

Wherefore, similar segments &c. q.e.d.

PROPOSITION 25. PROBLEM.

A segment of a circle being given, to describe the circle

of tchich it is a segment.

Let ABC he the given segment of a circle : it is required
to describe the circle of which it is a segment.

Bisect ^C at Z); [I. 10.

from the point D draw DB at right angles to AC; [I. 11.

and join AB.
First, let the angles A BD, BAD, be equal toone another.

Then DB is equal to DA
;

[I. 6.

but DA is equal to DC
;

[Con.^truction.

therefore DB is equal to DC. [Axiom 1.
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Therefore the tl Iree straight lines Z).i4,Z)5, 2)Care all equal;

and therefm-e D is the centre of the circle. [III. 9.

From the centre Z>, at the distance of any of the three

DA, DB, DC, describe a circle; tiiis will pass through
the other points, and the circle of which ABC is a segment
is described.

And because the centre D is in AC, the segment ABC
is a semicircle.

Next, let the angles ABD, BAD be not equal to one
another.

At the point A, in the straiglit line AB, make the angle

£AE equal to the angle ABD ; [I. 23.

produce BD, if necessary, to meet AE at E, and join EG.
Then, because the angle BAE is equal to the angle

ABE, [Construction.

EA is equal to EB. [I. 6.

And because AD is, equal to CD, {Comtruction.

and DE is common to the two triangles ADE, CDE
;

the two sides AD, DE are equal to the two sides CD, DE,
e;u;h to each

;

and the angle ADE is equal to the angle CDE, for each of

fchcm is a right angle
;

[Construction.

therefore the base EA is equal to the base EC. [I. 4.

But EA was shewn to be equal to EB ;

therefore EB is equal to EC. [Axiom 1.

Tliereforc the thi'ce straiglit lines EA, EB,EC tivc all equal

;

tuul therefore E is the centre of the circle. [III. 9.

From the centre E, at the distance of any of the three

EA, EB, EC, describe a circle; this will pass through the

.)ther points, and the circle of' wliich ABC is a segment is

ilescribed.

And it is evident, that if the an<j:le ABD be greater

tlian the angle BAD, the centre E falls without the seg-

ment ABC, which is therefore less than a semicircle ; but

if the angle ABD be less than the angle BAD, the centre

E falls within the segment ABC, which is therefore greater

than a semicircle.

Wherefore, a segment nf a circle being given, the eireU

'>a$ bten described of which it is a segment. Q.B.r.
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PROPOSITION 26. THEOREM.

In equal circles, equal angles stand on equal arcs,

whether they he at the centres or circum/erences.

Let ABG, DEF be equal circles ; and let BaC, EHF
be equal angl-es in them at their centres, and BAG, EDF
equal angles at their circumferences : the arc BKG shall

be equal to the arc ELF.

Join BC, EF.
Then, because the circles ABC, DEF mQ equal, \nyp.

the straight lines ftx)m their centres are equal ;
[III. Def. 1.

therefore the two sides BG, GC are equal to the two sides

EH, HF, each to each
;

and the angle at G is equal to the angle at H ;
[Hypothesis.

therefore the base BC is equal to the base EF. [I. 4.

And because the angle atA is equal to tiie angle at D,[Hyp.

thesegment5.4 Cis similar to the segment EDF; [lU.Def.ll.

and they are on equal straight lines BC, EF.

But similar segments of circles on equal straight lines are

equal to one another;
,

[III. 24.

therefore the segment BAG is equal to the segment EDF.
But the whole circle ABG is equal to the wliole circle

DEF; [Hypothesis.

therefore the remaining segment BKC is equal to the re-

luaining segment ELF ;
[Axiom S.

therefore the arc BK'(^ is equal to the arc ELF,
Wherefore, in equal circles Sac q.£J)
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proposition' 27. THEOREM.

In equal circles, the angles which stand on equal are»
lire equal to one anotlier, whether they he at the centres ur
circuniferen ces.

Let ABO, DEF be equal circles, and let the angles

BGC, EHF at their centres, and the angles BAC, EDF
at their circunifercnces, stand on equal arcs B(J, EF: the

angle BGC sliall be equal to the angle EHF, and the angle

BAC etinal to the angle EDF.

If the angle BGC be equal to the angle EHF, it is

manifest that the angle BAC is also equal to the angle

EDF. [III. 20, Axiom 7.

But, if not, one of them must be the greater. Let BGC he
tlio greater, and at the point G, in the straight line BG,
make the angle BGK equal to the angle EHF. [I. 23.

Then, because the angle BGK is equal to the angle EHF,
and that in equal circles equal angles stand on ecjual arcs,

when they are at the centres, [III. 26.

therefore the arc BK is equal to the arc EF.
But the arc EF is equal to the arc BC

;
[Hypothesia,

therefore the arc BK is equal to the arc BC, [Axum, 1.

the less to the greater ; which is impossible.

Therefore the angle B(KJ is not unequal to the angle EHF,
that is, it is equal to it.

And the angle at A is half of the angle BGC, and the

ingle at D is half of the angle EHF; [III. 20.

therefore the angle at A is equal to the angle at D. [Ax. 7.

Wherefore, in equal circles &c. Q.E.P.

7-2
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PKOPOSITION 23. THEOREM.

In equal circles, eqiml straight lines cut off equal arcs,
the greater equal to the greater, and the less equal to the

less.

Let ABC, DEF be equal circles, and BC, EF equal
straight lines in them, which cut off the two greater area
BAC, EDF, and the two less arcs BGC, EHF: the
greater arc BAG sliall be equal to the greater arc EDF,
and the less arc BGC equal to the less arc EHF.

Take K, L, tlie centres of the circles, [HI. i.

and join BK, KC, EL, LF.

Then, because the circles arc equal, [Uypothesu.

the straight lines from their centres ai*e equal
;
[III. Def. 1.

therefore the two sides BK, KG are equal to the two sides

EL, LF, each to each
;

and the base BC is equal to the base EF

;

[Hypothesis.

tlierefore the angle BKC is equal to the angle ELF. [I. 8.

But in equal circles equal angles stand on equal arcs, when
lliey are at the centres, [III. 26.

therefore the arc BGC is equal to the arc EHF.
But the circumference ABGC is equal to the circum-

ference DEHF; [Hypothesis.

therefore the remaining arcBAG is equal to the remaining

arc EDF. [Axiom 3.

Wherefore, in equal circles &c. q.ej>.
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PROPOSITION 29. THEOREM.

In equal circles, equal arcs are subtended by equal
ttraight lines.

Let ABC, DEF be equal circles, and let BGC, EHF
be equal arcs in them, and join BG, EF: the straight line

BC shall be equal to tlie straight line EF.

Take K, L, the centres of the circles, [III. 1.

and join BK, KG, EL, LF.

Then, because the arc BGG is equal to the arc

EHF, [Hypothesis.

the angle BKG is equal to the angle ELF. [III. 27.

And because the circles ABC, DEF are equal, [Hypothesis.

the straight lines from their centres are equal; [III. Def. 1.

therefore the two sides BK, KG are equal to the two sides

EL, LF, each to each

;

afid they contain equal angles

;

therefore the base BG is equal to the base EF. [L 4.

Wherefore, in equal circles &c. q.e.d.

PROPOSITION 30. PROBLEM.

To bisect a given ire, that is, to divide it into two equal

farts.
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Let ADB be the given arc : it is requiied to bisect it

Join AB\
bisect it at (7

;

[1. 10. ^
from the point C draw CD at

right angles to ^i? meeting
the arc at D. [I. 11.

The arcADB shall be bisected

at the point D.

Join AD, DB.

Then, because ^C is equal to CB, {Constmciwa,

and CD is common to the two triangles ACD, BCD;

the two sides AC, CD are equal to the two sides BC, CD,
each to each

;

and the angle -4 CZ) is equal to the angle 5CZ>, because
each of them is a right angle

;
[Ccmstruction.

therefore the base AD is equal to the base BD. [I. 4.

But equal straight lines cut off equal arcs, the greater

equal to the greater, and the less equal to the less
;
[III. 28.

and each of the arcs AD, DB is less than a serai-circum-

ference, because DC, if produced, is a diameter
;
[III. 1. Cor

therefore the arc AD is equal to the arc DB.

Wherefore the given arc is bisected at D. q.e.p.

PROPOSITION 31. THEOREM.

In a circle the angle in a semicircle is a right angle

;

but the angle in a segment greater than a semicircle is les.'-

than a right angle ; and the angle in a segment less than
a semicircle is greater than a right angle.

Let ABCD be a circle, of which BG is a diameter
and E the centre; and draw CA, dividing the circle into

the segments ABC, ADC, and join BA, AD, DC: the

angle in the semicircle BAC shall be a rip:ht angle: Init

the angle in the segment ABC, which is greater Uiau *
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semicircle, shall be less than a

right angle ; and the angle ir

the segment ADC, which is less

than a semicircle, shall be greater
than a right angle.

JoinA E, and produceBA to F.

Then, because EA is equal to

EB, [[. Definition 15.

the angle EAB is equal to the
angle EBA

;
[I. 5.

iind, because EA is equal to EG,
the angle EAC is equal to the angle ECA ;

therefore the whole angle BAC\& equal to the two angles,

ABC, ACB. [Axiom 2.

But FAC, the exterii)r angle of the triangle ABC, is equal
to the two angles ABC, A CB

;

[I. 32.

therefore the angle BAC is equal to the angle FAG, [Ax. 1,

and therefore each of them is a right angle. [T. Dcf. 10.

Therefore the angle in a semicircle BAC h a right angle.

And because the two angles ABC, BAC, of the triangle

ABC, are together less than two right angles, [I. 17.

and that BAC has been shewn to be a right angle,

iierefore the angle ABCia less than a right angle.

lorefore the angle in a segment ABC, greater than a
<c'iaicircle, is less than a right angle.

And because ^5CZ> is a quadrilateral figure in a circle,

any two of its opposite angles are together equal to two
right angles; [111.22.

therefore the angles ABC, ADC are together equal to two
right angles.

JBat the angle ABC has been shewn to be less than a right

angle;

therefore the angle A DC is greater than a right angle.

Therefore the angle in a segment ADC, leas than a semi-

cu'cle, is greater than a right angle.

Wljerefure, lue avqh &c. q.k.u.
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Corollary. From the demonstration it is manifest

that if one angle of a triangle be equal to the other two, it

is a right angle.

For the angle adjacent to it is equal to the same two
angles; [L 32.

and when the adjacent angles are equal, they are right

angles. [I. Definition 10.

PROPOSITION 32. THEOREM.

If a straight line touch a circle, andfrom the point of
sontact a straight line be drawn cutting the circle, the

angles which this line makes with the line touching the

circle shall be equal to the angles which are in the alternate

segments of the circle.

Let the straight line EF touch the circle ABCD at

the point B, and from the point B let the straight line BD
be drawn, cutting the circle : the angles which BD make*
with the touching line EF, shall be equal to the angles in

the alternate segments of the circle ; that is, the angle

DBF shall be equal to the anghi in the segment BAD,
and the angle DBE shall be equal to the angle in the seg-

ment BCD.
From the pointsdrawBA

at right angles to EF, [1. 11.

and take any point C in the

arc BD, and join AD, DC,
CB.

Then, because the straight

line EF touches tho circle

ABCD at the point B, [Hyp.

and BA is drawn at right

angles to the touching line

from the point of contact B, [Couserwctto*

therefore the centre of the circle is in BA. [III. \\i.

Therefore the angle ADB, being in a semicircle, is a riirht

angle. [III.'SL

Therefore the other two angles BA D, ABD are equal to a
right angle. [T 3a

But A IIF is also a right angle. [' '••>'> mc ion.

B
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rhereforo the angle ABF is equal to the angles BAIk
ABT).
From each of these equals take away the conimon angl(

ABD;
therefore the remaining angle Z>5^ is equal to the remaii)

ing angle BAD, \Axiom :;

which is in the alteraate segment of the circle.

And because ^i)'CZ> is a quatlrikiteral figure in a circle,

the opposite angles BAD, BCD are together equal to two
right luif.Hes. [III. 22.

But the 9:agle8 DBF, DBE are together equal to two
right ix^V-a.' [I. 13.

Therefore ihe angles DBF, DBE are together equal to the

angles BAD, BCD.
And the a.oglo DBF has been shewn equal to the angle
BAD;
tJierefore the remaining angle DBE is equad to the r^
mammg angle BCD, {Axiom S.

which is in the alternate segment of the circle.

Wherefore, if a straight line &c. q.e.d.

PROPOSITION 33. PROBLEM.

On a given straight line to describe a segment of a
circle, containing an angle equal to a given rectilineal

angle.

Let AB be the given straight line, and C the given
rectilineal angle: it is required to describe, on the given
straight line AB, & segment of a circle containing an angle
equal to the angle ('.

First, let the angle C
be a right angle.

Bisect AB at F, [I. 10.

and from the centre F, at

the distance FB, describe

the semicircle AHB.
Then the angle AHB

Ip a semicircle is equal to the right angle C. [ITT. 31



IOC E UiJLlD'b ELEMEN TS.

- ?

But if the angle C be

not a right angle, at tlie

l)oint A, in the straiglit line

AB. make the angle BAD
equal to the angle C;[I. 23.

from the point ^,draw AE
at right angles io AD\\.\\.

bisect .4 i^ at i^; [I. 10.

from the point F, draw FG
at right angles toAB: [1. 11.

and join GB.

Then, because AF is

equal to BF, iConst.

and FG is common to the

two triangles AFG, BFG ;

the two sides ^F, FG are

equal to tlwj two sides

BF, FG, each to each

;

and the angle AFG is

equal to the angle BFG
;

[I. Definition 10.

therefore the base AG is equal to the base BG

;

[I. 4.

and therefore the circle described from the centre G, at the

distance GA, will pass through the point B.

Let this circle be described; and let it be AHB.
The segment AHB shall contain an angle equal to the

given rectilineal angle G.

Because from the point vi, the extremity of the diameter

AE, AD is drawn at right angles to AE, [Construction.

therefore AD touches the circle. [III. 16. Corolla'ry.

And because ^i? is drawn from the point of cf)ntact A,
the angle DAB is equal to the angle in the alternate

segment AHB. [III. 32.

But the angle DAB is equal to the angle C. [Constr.

Therefore the angle in the segment AHB is equal to the

angle C. [Axiom 1.

Wherefore, on the given straight line AB, the segment

AHB of a circle has been described, containing an angle

tqual to the given angle G. q.e.f.
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PROPOSITION ;J4. PROBLEM.

Fr'/m a given circle to cut off a segment containing an
angle equal to a given rectilineal angle.

Let ABC be the given circle, and D the given recti-

lineal angle : it is required to cut off from the circle ABC
a segment containing an angle equal to the angle £>.

Draw the straight

line J'JF touching the
circle ABC at the
point ^; [III. 17.

and at the point i?,in the

straight line BF, make
tlie angle FBC equal

to the angle D. [I. 23.

The segmentBA Cshall
contain an angle equal
to the angle D.

TJocause the straight lino EF touches the circle ABC,
and Z>C is drawn from the point of contact B, [Constr.

tlierefore the angle FBC is equal to the angle in the
alternate segment BAG of the circle. [III. 32.

But the angle FBC is equal to the angle D. [Construction.

Therefore the angle in the segment BAG is equal to the
angle Z). [Axiom 1.

Wherefore, from the given circle ABC, the segment
BA C has been cut (ff, containing an angle eqiud to the

given angle D. q.e.p.

PROPOSITION 35. THEOREM.

Tf two straight lines cut one am<>ther within a circle,

the rectangle contained by the segments of one vf them
$hallbe equal to the rectangle comtained by the segment*

of the other.
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Let the two straight lines AC, BD cut oue another at
the point E, within the circle ABCD : the rectangle con-
tainetl by AE, ^C shall be equal to

the rectangle contained by BE, ED.
\IA CandBD both pass through

the centre, so that E is tlie centre,

it is evident, since EA, EB, EC,
ED are all equal, that the rect-

angle AE, EC is equal to the rect-

angle BE, ED.

But let one of them, BD, pass tlirough the centre, and
cut the other AC, whicli does not pass through the centi.,
at right angles, at the point E.
Then, ii BD be bisected at F, F
is the centre of the circle ABCD;
join AF.

Then, because the straight
line BD which passes througli
the centre, cuts the straight line

AC, which does not pass through
the centre, at right angles at the
point E, [Hypothesis.

AE is equal to EC. [III. 3.

And because the straight line BD is divided into two
equal parts at the point F, and into two unequal parts at

the point E, the rectangle BE, ED, together with the
squarre on EF, is equal to the square on FB, [II. 5.

that is, to the square on AF.
But the square onA Fis. equal to the squares on ^^, EF.[IA1.

Therefore the rectangle BE, ED, together with the square
on EF, is equal to the squares on AE, EF. [Axiom 1.

Take away the common square on EF;
then the remaining rectangle BE, ED, is equal to the
remaining square on AE,
that is, to the rectangle AE, EC.

Next, let BD, which passes through the centre, cu»
the other AC, which does not pass through the centre,

at the point JS, but not at right angles. Then, if BD
be bisected at F, F is the centre of the circle ABCD;
join AF, and from /'draw FG perpendicular to AC. [I. 12.
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Then AG\9. equal to GC; [HI. 3.

therefore the rectangle AE, EC,
together with the square on EG, is

equal to the square oxvAG. [II. 5.

To each of these equals add the
square on GF

;

then the rectangle AE, EG, to-

gether with the squares on EG,
GF, is equal to the squares on
AG, GF. [Axiom 2.

But the squares on EG, GF arc equal to the square on
EF;
and the squares on AG, GF are equal to the square on
AF. [I. 47.

Therefore the rectangle AE, EC, together w'ith the square
on EF, is equal to the square on A F,

that is, to the square on FB.

But the square on FB is equal to the rectangle BE, ED,
together with the square on EF. [IT. 5.

Therefore the rectangle AE, EC, together with the square
on EF, is equal to the rectangle BE, ED, together with
the square on EF.

Take away the common square on EF

;

then the remaining rectangle AE, EC is equal to the

remaining rectangle BE, ED. [Axiom 3.

Lastly, let neither of the straight lines AC, BD pass

through the centre.

Take the centre F, [HI. 1.

and through E, the intersection

of the straight lines AC, BD,
draw the diameter GEFH.

Then, as has been shewn,
the rectangle GE, EH is equal
to the rectangle AE. EC, and
also to tlie rectangle BE, ED

;

therefore the rectangle A E, EC
is equal to the rectangle BE. ED.

Wherefore, if tico straight lines &c. q.e.d.

[Axiom I4
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PROPOSITION 36. THEOREM.

Iffrom any j)oint without a circle two struitiht lins*

be drawn, one <</ wklch cuts the circle, and ihe '>ther

touches it; the rectangle contained by the whole line which
cuts the circle, and the part of il without the circle, shall

be equal to the square on the line which touches it.

Let D be any point without the circle ABC, and let

DCA, DB be two straight lines drawn from it, of which
DCA cuts the circle and DB touches it: the rectangle

AD, DC shall be equal to the square on DB.

First, let DCA pass through
the centre E, and join EB.
Then EBD is a right angle. [III. 18.

And because the straight line A C
is bisected at E, and produced to

D, the rectangle AD, Z>C together
with the square on EC is equal to

the square on ED. [II. 6.

But EC is equal to EB
;

therefore the rectangle AD, DC
together with the square on EB is

equal to the square on ED.
But the square onED is equal to the
squares on EB, BD, becnuse EBD is a right angle. [I. 47.

Therefore the rectangle AD, DC, together with the square
on EB is equal to the squares on EB, BD.
Take away the common square on EB

;

then the remaining rectangle AD, DC is equal to the
square on DB. [Axiom 3.

Next let DCA not pass through the centre of the circle

ABC : take the centre E

;

[III. 1.

from E draw EF perpendicular io AC; [1. 12.

and join EB, EC, ED.
Then, because the straight line iB^/^which pasees tlu-ough

the centre, cuts the straight line A C which does not pass
through the centre, at right angles, it also bisects it

;
[III. 8.

therefore A F is equal to FC.
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And because the straight line AC is bisected at F, and
produced to Z>, the rectangle AD, DC, together with the

square on FC, is equal to the square on FD. [II. 6,

To each of these equals add the square on FE.

Therefore the rectangle AD, DC
t.>gether with tlie squares on
CF, FE, is equal to the squares

on DF, FE. [Axiom 2.

But the squares on CF, FE arc

equal to the square on CE, be-

cause CFE is a right angle ;
[T. 47.

and the squares on DF, FE are

equal to the square on DE.
Therefore the rectangle AD, DC,
together with the square on CE,
is equal to the square on DE.
But C^ is equal to ^^;
therefore the rectangle AD, DC, together with the square
on BE, is equal to the square on DE.

But the square on DE is equal to the squares on DB,
BE, because EBD is a right angle. [I. 47.

Therefore the rectangle ^Z>, DC, together with the square
on BE, is equal to the squares on DB, BE.
Take away the common square on BE

;

then the remaining rectangle AD, DC is equal to the

square on DB. [Axiom 3.

Wherefore, iffrom any point &c. q.e.d.

CoROLLART. If from any point

without a circle, there be drawn
two straight lines cutting it, as

AB, AC, the rectangles contained
by the whole lines and the parts

of them without the circles are

equal to one another ; namely, the
rectangle BA, AE is equal to the
rectangle CA, AF; for each of

them is equal to the square on the
straight line AD, which touches
the circle.
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PROPOSITION 37. THEOREM.

Iffrom any point without a circle there be drawn ttoo

th'aight lines, one of which cuts the circle, and the other

mefJs it, and if the rectangle contained hy the whole line

which cuts the circle, and the part of it without the circle,

he equal to the square on the line which meets the circle,

the line which meets the circle shall touch it.

Let any point D he taken without the circle ABC,
and from it let two straight lines DCA, DB be drawn,
of which DCA cuts the circle, and DB meets it; and let

the rectangle AD, DC be equal to the square on DB

.

DB shall touch the circle.

Draw the straight line DE,
touching the circle ^^C; [III. 17.

find F the centre, [III. 1.

and join FB, FD, FE.
Then the angle FED is a

right angle. [III. 18.

And because DE touches the

circle ABC, and DCA cuts it,

the rectangle AD, DC is equal
to the square on DE. [III. 36.

But the rectangle AD, DC is

equal to the square on DB. [Hyp.

Therefore the square on Z>^is equal tothe square onZ>5;[^x.l.

therefore the straight line DE is equal to the straight line

DB.
And EF is equal to BF; [I. Definition 15.

Iierefore the two sides DE, EF are equal to the two sides

')B, BF each to each
;

and the base DFis common to the two triangles Z*^i^, DBF;
therefore the angle DEF is equal to the angle DBF. [L 8.

But DEF is a right angle
;

[Construcfion.

therefore also DBF is a right angle.

And BF, if produced, is a diameter ; and the straight line

which is drawn at right angles to a diameter from the

extremity of it touches the circle
; [111. 16. Curvti^iy,

therefore DB touches the circle ABC.
Wherefore, iffrom a point &c. aw d.
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EXERCISES IN EUCLli).

I. 1 to 15.

i. tfiT a given straight line describe an isoscele* tii-

angle having each of the sides equal to a given Straighd

linfe.

2. In the figure of I. 2 if the diameter of the smallet

circle is the radius of the larger, shew where the given

point and the vertex of the constructed triangle will be
situated.

3. If two straight lines bisect each other at right an-

gles, any point in either of them is equidistant from the
extremities of the other.

4. If the angles ABC and ACB at the base of an
isosceles trian-lc be bisected by the straight lines BD,
CD, shew that DBC will be an isosceles triangle.

5. BACis a triangle having the angle B double of the
angle A. If BD bisects the angle B and meets ^C at Z>,

shew that BD is equal to AD.
6. In the figure of I. 5 if FC and BG meet at Q

shew that J-H and GH are equal. ,
7. In the figure of I. 5 if i^C and BG meet at H,

shew that AH bisects the angle BAC.
8. The sides ^.ff, -4Z>ofa quadrilateral ABCD are

3qual, and the diagonal .^4(7 bisects the angle BAD: shew
tliat the sides CB and CD are equal, and that the diagonal

AC bisects the angle BCD.
9. ACB, ADB are two triangles on the same side ol

AB, such that ^C is equal to BD, and AD is equal to

BC, And AD and BG intersect at O: shew that the tri-

angle AOB is isosceles.

10. The opposite angles of a rhombus are equal.

11. A diagonal of a rhombus bisects eacb of the anglei

ciurough which it passes.
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12. If two isosceles triangles are on the same base the
gtraight line joining tlieir vertices, or that straight lino

produced, will bisect the base at right angles.

^ 13. Find a point in a given straight line such that ita

distances from two given points may be equal.

14. 'i'hrough two given points on opposite sides of a
eiven straight line draw two straight lines which shall meet
in that given straight line, and include an angle bisected

by that given straight line.

^ 15. A given angle BAC ia bisected ; if CA is produced
to G and the augloljAG bisected, the two bisecting lines

are at right angles.^ 16. if four straight lines meet at a point so that the
opposite angles are equal, these straight lines are two and
two in the same straight line.

I. 16 to 26.

^ 17. ABC is a triangle and the angle A is bisected by
a straight line which meets BC at D ; shew that BA is

greater than BD. and CA greater than CD.
18. In the figure of I. 17 shew that ABC and ACB

are together less than two right angles, by joining A to any
point in BC.

^- 19. ABCD is a quadrilateral of which ^Z> is the
longest side and BC the shortest' shew that the angle

ABC IS, greater than the angle ADC, and the angle BCD
greater than the angle BAD.

^ '20. If a straight line be drawn inrough A one of the

angular points of a square, cutting one of the opposite sides,

and meeting the other produced at F, shew that AF is

greater than the diagonal of the square.

i/ 21» The perpendicular is the shortest strai^,dlt line

that can be drawn from a given point to a given straignt

line; and of others, that which is nearer to the perpen-
dicular is less than the more remote; and two, and only

two, equal straight lines can be drawn from the given point

to the given straight line, one on each side of the perpen-

dicular.

W' 22. The sum of the distances of any point from the
three angles of a triangle is greater than half the sum ol

the sides of the triangle.
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23. The four sides of any quadrilateral are togethei
greater than the two diagonals together.

24. The two sides of a triangle are together greater
than twice the straight line drawn from the vertex to tho
middle point of the base.

25. If one angle of a triangle is equal to the sum of

the other two, the triangle can bo divided into two isosceles

triangles.

26. If the angle Cof a triangle is equal to the sum
of the angles A and B, the side AB is equal to twice the
straight line joining C to the middle point of AB.

27. Construct a triangle, having given the base, one of

the angles at the base, and the sum of the sides.

28. The perpendiculars let fall on two sides of a tri-

angle from any point in the straight line bisecting the angle
between them are equal to each other.

29. In a given straight line find a point such that the

perpendiculars drawn from it to two given straight lines

shall be equal.

30. Through a given point draw a straight line such

that the perpendiculars on it from two given points may be
on opposite sides of it and equal to each other.

31. A straight line bisects the angle A oi 2u triangle

ABC; from B a perpendicular is drawn to this bisecting

straight line, meeting it at D, and BD is produced to meet
AC or AC produced at E: shew that BD is equal to JJE.

32. AB, AC i>XQ any two straight lines meeting at A :

through any point P draw a straight line meeting them at i?

and F, such that AE may be equal to AF.
33. Two 1 ight-angled triangles have their hypotenuses

equal, and a side of one equal to a side of the other : shew
that they are equal in all respects.

I. 27 to 31.

34. Any straight line parallel to the base of an iso-

sceles triangle makes equal angles with the sides.

3.5. If two straight lines A and B are respectively

parallel to two others Cand D, shew that the inclination of

.4 to i? is equal to that of C to Z>.

36. A straight line is drawn terminated by two parallel

traight lines ; through its middle point any sti'ai^ht line JM-
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drawn and teniiinsited by the parallel straight lines. Shew
;liat the .second straight hue is bisected at the middle poinc
>f the first.

37. If through any point equidistant from two pstrullel

i.traight lines, two straight lines be drawn cutting the pa-
rallel straight lines, they will intercept equal portions of

these parallel straight lines.

:]S. If the straight line bisecting the exterior angle of

a triangle be parallel tu the base, shew that the triangle is

isosceles.

39. Find a point B in a given straight line CD, such
that if A B be drawn to B from a given point A, the angle
ABC will be equal to a given angle.

40. If a straight line be drawn bisecting one of the
angles of a triangle to meet the opposite side, the straiglit

hues drawn from the point of section parallel to the other
siu'es, and terminated by these sides, will be equal.

•41. The side BC of a triangle ABC is produced to a
point t>; the angle ACB is bisected by the straight line

(JE which meets AB &t E. A straight line is drawn
tln-ougii E parallel to BC, meeting AC at F, and the
straight lino bisectin'jr the exterior angle ACD at G. Shew
that EF is equid to FG.

42. AB is the hypoteimse of a right-angled triangle
ABC: find a point D in AB such that DB may be equsd
to the perpendicular from D on AC.

43. ABC is an isosceles triangle: find points D, E in

the e(iual sides AB, AC such that BD, DE, EC may all

be equal.

44. A straight line drawn at right angles to BC
the base of an isosceles triangle ABC cuts the side AB at
D and CA produced at E: shew that AED is an isosceles

triangle.

I. 32.

45. From the extremities of the base of an isosceles

tn.\ngle straight lines are drawn perpendicular to the sides;

show that the angles made by them with the base are each
equal to half the vertical angle.

46. On tho sides of any triangle ABC equilateral tiri-

:ingles BCD, CAE, ABFaig described, all external: shell

that the si.'aigiit lines AD, RE, CF a.re all equal
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47. What is the magnitude of an angle of a rc^Iai
octagon ?

4S. Through two given points draw two straight hues
fonning with a straight line given vn position an equilateral

triangle.

49. If tlie straight lines bisecting the angles at the

base of an isosceles triangle be produced to meet, they will

contain an angle equal to an exterior angle of the triangle.

50. A is the vertex uf an isosceles triangle ABC, and
BA is produced to Z), so that AD '\% equal to BA ; and
DC is drawn : shew that BCD is a right angle.

51. ABC is a triangle, and the exterior angles at B
and C are bisected by the straight lines BD, CD respec-

tively, meeting at D : shew that the angle BDC together
with half the angle BAG make up a right angle.

52. Shew that any angle of a triangle is obtuse, right,

or acute, according as it is greater than, equal to, or less

than the other two angles of the triangle taken together.

53. Construct an isosceles triangle having the vertical

angle four times each of the angles at the base.

54. In the triangle ABC the side BC is bisected at E
and AB &t G; AE is produced to F so that EF is equal

to AE, and CG is i)roduced to H so that GH is equal to

CG : shew that FB and HB are in one straight line.

55. Construct an isosceles triangle which shall have
one-third of each angle at the base equal to half the vertical

angle.

56. AB, AC are two straight lines given in positio*:

it is recpiired to find in them two points P and Q, such
that, PQ being joined, AP and PQ may together be equal
to a given straight line, and may contain an angle equal to

a given angle.

57. Straight lines are drawn through the extremities of

the base of an isosceles triangle, making angles \vith it on
the side remote from the vertex, each equal to one-third of

one of the equal angles of the triangle and meeting the
sides produced: shew that three of the triangles thus

formed are isosceles.

58. AEB, CED are two straight lines intersecting at

B ; straight lines A 6', DB are drawn forming two triangles

ACE, BED; the angles ACE, DUE are bisected by the

straight lines CF, BF, meeting at F. Shew that the angle

CFB is equa) to half the sum of the angles EAC, EDB.



BXERCTSES IN EUCLID. 345

R"^. T^ie straight line Juining tlie middle point of the

fcypotv^u'ise of a right-angled triangle to the right angle is

uqual to half the hypotoniiae.

60. Fix)in the angle ^ of a triangle ABC a perpen-
diculai is drawn to tiie opposite side, meeting it, produced
if necessary, at D ; from the angle B a perpendicular is

drawn to the opposite side, meeting it, produced if neces-

sary, at E: shew that the straigiit lines which join D and
E to the middle point of AB are equal.

61. Ynnw the angles at tlie base of a triangle perpen-
diculars are drawn to the oppo.site sides, produced if neces-

sary : shew that the straigiit line joining the points of inter-

section will be bisected by a perpendicular- drawn to it from
the middle point of tfic base.

G2. In the figure of I. 1, if C and H be the points of

intersection of the circles, and AB be produced to meet
one of the circles at A', shew that GHK is an equilateral

triangle.

63. The straight lines bisecting the angles at the base
of an isosceles triangle meet the sides at D and E: shew
that DE is parallel to the base.

64. AB, ^ Care two given straight lines, and P is a

ffiven point in the former : it is required to draw through
P a straight Ihie to meet AG at Q, so that the angle APQ
may be three times the angle AQP.

65. Construct a right-angled triangle, having given the
hypotepuse and the sum of the sides.

66. Construct a right-angled triangle, having given the
hypotenuse and the difference of the sides.

67. Construct a right-angled triangle, having given the
hypotenuse and the perpendicular from the right angle
on it.

68. Construct a right-angled triangle, having given the
perimeter and an anule.

69. Trisect a right angle.

70. Trisect a given finite straight line.

71. From a given point it is required to draw to two
parallel straight lines, two equal straight lines at right

angles to each other.

7"2. Describe a triangle of given perimeter, hariug its

mg'cs equal to those of a given triangle.
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1. 33, 34

73. If a quadrilateral have two of its opposite skuA
parallel, and the two others equal but not parallel, any t'wO

of its opposite angles are together equal to two rigai

angles.

74. If a straight line which joins the extremities of two
equal straight lines, not parallel, make the angles on the
same side of it equal to each other, the straight line which
joins the other ex'reniities will be parallel to the first.

75. No two straight lines drawn from the extremities
of the base of a triangle to the opposite sides can possibly

bisect each other.

76. If the opposite sides of a quadrilateral are equal it

is a parallelogram.

77. If the opposite angles of a quadrilateral are equal

it is a parallelogram.

, 78. The diagonals of a parallelogram bisect each othei

79. If the diagonals of a quadrilateral bisect each othei

it is a parallelogram.

80. If the straight line joining two opposite angles ol

a parallelogram bisect the angles the four sides of the pa-

rallelogram are equal.

81. Draw a straight line through a given point such
that the part of it intercepted between two given parallel

straight lines may be of given length.

82. Straight lines bisecting two adjacent angles of a

parallelogram intersect at right angles.

83. Straight hues bisecting two opposite angles of a

parallelogram are either parallel or coincident.

84. If the diagonals of a parallelogram are equal all its

angles are equal.

85. Finti a point such that the perpendiculars let fall

from it on two given straight lines shall be resj)ectively

equal to two given straight lines. How many such points

are there ?

8(J. It is required to draw a straight line which shall

be equal to one straiglit line and parallel to another, and be
terminated by two given straight lines.

87. On the sides AB, BC, and CD of a parallelogram
ABCD three equilateral triangles are described, that on
BC towai'ds the same parts as the parallelogram, and those

uu AB, CD towards the opposite parts: shew that the
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distances of the vertices of tlio triunglcs on AB, CD fi-oiu

that on BC are respectively equal to the two diagonals of

the parallelogram.

88. If the angle between two adjacent sides of a paral-

lelogram be increaseil, while their lengths do nut alter, the

diagonal through their point of intersection will diminish.

89. A, B, C are three puints in a straight line, such

that AB is equal to BC : shew that the sum of tlie perpen
diculars from A and C on any straight line which does not

pass between A and C is double the perpendicidar from B
on the same straight line.

90. If straight lines be drawn from the angles of any
parallelogram perpendicular to any straight line which is

)utside the parallelogram, the sum of those from one pair

of opposite angles is equal to the sum of those from the
other pair of opposite angles.

91. If a six-sided plane rectilineal figure have its op-

posite sides equal and parallel, the three straight lines join-

ing the opposite angles will meet at a point.

92. AB, AC are two given straight lines; through a

given point E between them it is required to draw a straight

line GEU such that the intercepted portion Gil shall be
bisected at the point E.

93. Inscribe a rliombus within a given parallelogram,

so that one of the angular points of the rhombus may be at

a given point in a side of the parallelograni

94. ABCD is a parallelogram, and E, F, the middle
points of AD and BC resj)ectively ; shew that BE and DF
will trisect the diagr lal AC.

I. 35 to 45.

95. ABCD is a quadrilateral having BC parallel to

AD ; shew that its area is the same as that of the parallelo-

gram which ccf i be formed by drawing through the middle
point of DC f .straight line jiarallel to AB.

96. AB(yD is a quadrilateral having BC parallel to
AD, E is the middle point of DC ; shew that the triangle

AEB is half the quadrilateral.

97. Shew that any straight Ino ))assing through the
middle point of the diameter tif a parallelogram and termi-
txatcd V iwo opposite sides, bisects the parallelogram.
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98. Bisect a parallek ^ain by a straight lino 6 «wb
through a given point wit'iin it. i' ' ." ^- - ', '

99. Construct a rhoabus equal to a given pai-allelo-

gram.
100. If two triang?( « have two sides of the one equal

to two sides of the othe , each to each, and the sum of the
two angles contained bj these sides equal to two right an
{^les, the triangles are e< ual in area.

101. A straight Uur is di'awu bisecting a pai*allelogram

ABCD and meeting AD nX E and BC at F: shew that

the triangles EBF and CED are equal.

102. Shew that the four triangles into which a paral-

lelogram is divided by its diagonals are equal in area,

103. Two straiglit lines AB and CD intersect at E,
and the triangle AEC is equal to the triangle BED: shew
that i?C is parallel to ylZ).

104. ABCD is a parallelogram ; from any point; P in

the diagonal BD the straight lines PA. PC are drawn.
Shew that the triangles PAB and PCB are equal.

105. If a triangle is described having two of its sides

equal to the diagonals of any quadrilateral, and the in-

cluded angle equal to either of the angles between these

diagonals, then the area of the triangle is equal to the area
of the quadrilateral.

106. The straight line which joins the middle p^»ints of

two sides of any triangle is parallel to the base.

107. Straight lines joining the middle points of ad-

jacent sides of a quadrilateral form a parallelogram.

108. Z>, E are the middle points of the sides AB, AC
of a triangle, and CD, BE intersect at F: shew that the
triangle BFC is equal to the quadrilateral ADFE.

109. Tlic straight line which bisects two sides of any
triangle is half the base.

110. In the base AC of a triangle take any point D:
bisect AD, DC, AB. BC at the points E, F, G, II respec

tively: shew that EG is equal and parallel to FII.

111. Given the middle points of the sides of a triangle,

construct tlie triangle.

112. If the middle points of any two sides of a triangle

be joined, the triangle so cut off is one (]uartcr of the whole.

113. The sides AB, AC of a given triangle ABC are

bisected at the points E, F; % peri)endicular is drawn from
A to tlic opposite side, meeting it at D. Shew tliat the
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mgle FDE is equal to the angle BAG. Siiew also thai

AFDE is ' alf tlie triangle ADC.
114. ". wo triangles of equal area stand on the same

base an(^ on opposite sides: shew that the straight line

(Oiiiing '/leir vertices is bisected by the base or the base

produce i
1 1 5 Three parallelograms which are equal in all re-

ipect? are placed with their equal bases in the same straight

ine ?nd contiguous; theextrcmilics of the base of the first

ire .Joined witli the extremities of the side opposite to the
bas'j of the third, towards the same parts : shew that the
po'tion of the new parallelogram cut off by the second is

fi b lialf the area of any one of tliem.

IK). ABCD is a parallelogram; from D draw any
traight line DFG meeting BC at i^and AB produced at

9\ draw AF and CG: shew that the triangles ABF,
CFG are equal.

117. ABCis a given triangle: construct a triangle of

equ.al area, having for its base a given straight line AD,
coinciding in position with AB.

118. ABC is a given triangle: construct a triangle of

equal area, having its vertex at a given point in BC and its

base in the same straight line as AB.
119. ABCD is a given quadrilateral: construct ano-

tlior quadrilateral of equal area having AB for one side,

*ud for another a straight line drawn through a given point
ill CD parallel to AB.

120. ABCD is a quadrilateral: construct a triangle
whose base shall be in the same straight line slsAB, vertex
at a given point P in CD, and area equal to that of the
given (juarlrilateral.

121. ABC is a given triangle: construct a triangle of
equal area, having its base in the same straight line SisAB,
and its vortex in a given straight line parallel to AB.

122. Bisect a given triangle by a straight line drawn
through a given point in a side.

123. Bisect a given quadrilateral by a straight line

drawn through a given angular point.

124. If through the point O within a parallelogram
ABCD two straight lines are drawn parallel to the sides,

and the parallelograms OB and OD are equal, the point O
is ia Uifi diagonal A C.
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I. 46 to 4a

125. On the sides AG, BC of a triangle ABC, sqoaren

ACDE, BCFH are described: shew that the straight

lines AF and BD are equal.

126. The square on the side subtending an acute an
gle of a triangle is less than the squares on the sides

containing the acute angle.

127. The square on the side subtending an obtuse an-

gle of a triangle is greater than the squares on the side?

containing the obtuse angle.

128. If the square on one side of a triangle be less

than the squares on the other two sides, the angle contained
by these sides is an acute angle ; if greater, an obtuse
angle.

129. A straight line is drawn parallel to the hypotenuse
of a rij^ht-anglcd triangle, and each of the acute angles is

joined with the ]ioints wliere this straight line intersects

the sitles respectively opposite to them: shew that the
squares on the joining straight lines are together equal to

the square on the hypotenuse and the square on the straight

line drawn parallel tc it.

130. If any point P be joined to A, B, C, D, the an-

gular points of a rectangle, the squares on PA and PC are

together equal to the squares on PB and PD.
131. In a right-angled triangle if the square on one of

the sides containing the right angle be three times the

square on the other, and fi-om the right angle two straight

lines be drawn, one to bisect the opposite side, and the

other perpendicular to that side, these straight lines divide

the right angle into three equal parts.

132. If ABC be a triangle whose angle ^ is a right

angle, and BE, CF be drawn bisecting the opposite sides

respectively, shew that four times the sum of the squares

on BE and^ CF is equ;d to five times the square on BC.
133. On the hypotenuse BC, and the sides GA, AB of

a right-angled triangle ABC, squares BDEC, AF, and
AG are described: shew that the squares on DG and Bt^
•re together equal to five times tlie square on BC.
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11. 1 to 11.

134. A straight line is divided into two parts; shew
Uiat if twice the rectangle of the parts is equal to the sunj

of the squares described on the parts, the straight line is

bisected.

135. Divide a given straight line into two parts such
that the rectangle contained by them shall be the greatest

possible.

136. Construct a rectangle equal to the difference of

two given scjuares.

137. Divide a given straight line into two parts such
that the sum of the squares on the two parts may be the

least possible.

138. Shew tliat the square on the sum of two straight

lines together with the square on their difference is double
the squares on the two straight lines.

1 39. Divide a given straight line into two parts such
that the sum of their squares shall be equal to a given

square.

140. Divide a given straight line into two parts such
that the square on one of them may be double the square
on the other.

141. In the figure of II. 11 if CHhe produced to meet
BF at L, shew that CL is at right angles to BF.

142. In the figure of II. U if BE and CII meet at O,

shew that .4 is at right angles to CH.
143. Shew that in a straight line divided as in II. 11

the rectangle contained by the sum and difference of the
parts is equal to the rectangle contained by the parts.

II. 12 to 14.

144. The square on the base of an isosceles triangle is

equal to twice the rectangle contained by either side and
by the straight line intercepted between the perpendicular
let fall on it from the opposite angle and the extremity of

the base.

145. In any triangle the sum of the squares on the

sides is equal to twice the square on half the base together
with twice the square on the straight line drawn from tiM
vertex to the middle point of the basa
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146. ABC is a triangle having the sides AB and AG
equal ; if AB is produced beyond the base to Z> so that
BD is equal to AB, shew that the square on CD is equal
to the square on AB, together with twice the square
on BC.

147. The sum of the squares on the sides of a paral-
lelogram is equal to the sum of the squares on the
diagonals.

148. The base of a triangle is given and is bisected by
the centre of a given circle : if the vertex be at any point
of the circumference, shew that the sum of the squares on
the two sides of the triangle is invariable.

149. In any quadrilateral the squares on the diagonals
are together equal to twice the sum of the squares on the
straight lines joining the middle points of opposite sides.

1 '>0. If a circle be described round the point of inter-

section of the diameters of a parallelogram as a centre,
shew that the sum of the squares on the straight lines

drawn from any point in its circumference to the four an-

gular points of the parallelogram is constant.

1.51. The squares on the sides of a quadrilateral are
together greater than the squares on its diagonals by four

times the square on the straight line joinirig the middle
points of its diagonals.

152. In ^^ the diameter of a circle take two points C
and D equally distant from the centre, and from any point

E in the circumference draw EC, ED: shew that the
squares on EC and ED are together equal to the squares
on AC and AD.

153. In BC the base of a triangle take D such that

the squares on AB and BD are together equal to the

squares on AC und CD, then the middle point of AD will

be equally distant from B and C
1.54. The square on any straight line drawn from the

verte.x of an isosceles triangle to the base is less than the
square on a side of the triangle by the rectangle contained

by the segments of tiie base.

155. A square BDEG is described on the hypotenuse
BC of a riglit-aTlgled triangle ABC: shew that the squares
on DA and AC are together equal to the squares on EA
and AB.

156. ABC is a triangle in which C is a right angle,

iud DE is drawn fiom a point D in AC perpendicular to
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j4fl: shew that the rectangle AB, AE is equal to the

rectangle AC^ AD.
157. If a straight line be dr.iwn through one of the

angles of an equilateral triangle to meet the opposite side

produced, so that the rectangle contained by the whole
straight line thus produced and the part of it produced is

equal to the square on the side of the triangle, shew that

the square on the straight line so drawn will be double the

square on a side of the triangle.

158. In a triangle whose vertical angle is a right angle

a straight line is drawn from the vertex perpendicular

to the base : shew that the square on this perpendicular is

equal to the rectangle contained by the segments of the

base.

159. In a triangle whose vertical angle is a right angle
a straight lino is drawn from the vertex peipendicular to

the base : shew that the square on either of the sides adjar

cent to the right angle is equal to the rectangle contained

by the base and the segment of it adjacent to that side.

160. In a triangle ABC the angles B and C are acute

:

if E and F be the points where perpendiculars from the
opposite angles meet the sides AC, AB, shew that the
square on BG is ccinal to the rectangle AB, BE, together
with the rectangle AC, CE.

161. Divide a given straight line into two parts so that

the rectangle contained by them may be equal to the square
described on a given straight line which is less than half

the straight line to be divided.

III. 1 to 15

162. Describe a circle with a given centre cutting a
given circle at the extremities of a diameter.

163. Shew that the straiglit lines drawn at right angles
to the sides of a quadrilateral inscribed in a circle from
their middle points intersect at a fixed point.

164. If two circles cut each other, any two parallel
straight lines drawn through the points of section to cut
the circles are equal.

165. Two circles whose centres are A and B intersect
at C; through C two chords DCE and FCG are draw»
equally inclined to ^i? and termmated by the circles-
»hew that DE and FG arc equal.

9
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166. Through either of the points of intersection a*

Wo given circles draw the greatest possible straight Ima
terminated both ways by the two circumferences.

167. If from any point in the diameter of a circle

ftraight lines are drawn to the extremities of a parallel

chord, the squares on these straight lines are together equal

to the squares on the segments into which the diameter is

divided.

168. A and B are two fixed points without a circle

PQR ; it is reqiiired to find a point P in the circumfer-

ence, 80 that the sum of the squares described on ^P and
BP may be the least possible.

169. If in any two given circles which touch one an-

other, there be drawn two parallel diameters, an extremity
of eack diameter, and the point of contact, shall he in the
same straight line.

170. A circle is described on the radius of another
circle as diameter, and two chords of the larger circle are

drawn, one through the centre of the less at right angles to

the common diameter, and the other at right angles to the

first through the point where it cuts the less circle. Shew
that these two chords have the segments of the one equal

to the segments of the other, each to each.

171. Through a given point within a circle draw the
shortest chord.

172. O is the centre of a circle, P is any point in its

circumference, PN a perpendicular on a fixed diameter:

shew that the straight line which bisects the angle OPN
always passes through one or the other of two fixed points.

173. Three circles touch one another externally at the

points^, B^ C; from A, tlie straight lines AB, AC are

produced to cut the circle BC at D and E: shew that DE
is a diameter of BC, and is parallel to the straight line

joining the centres of the other circles.

174. Circles are described on the sides of a quadri-

lateral as diameters : shew that the common chord of any

adjacent two is parallel to the common chord of the other

two.

175. Describe a circle which shall touch a given circle,

have its centre in a given stiaight line, and pass through

jiven point in the given straight line.



EXERCISES IN EUCLID. 355

III. 16 to 19.

17C. Shew that two tangents can be drawn to a circle

iVom a given external point, and that they are of equal
length.

177. Draw parallel to a given straight line a straight

line to touch a given circle.

178. Draw perpendicular to a given straight line a
straight line to touch a given circle.

179. In the diameter of a circle produced, determine
a point so that the tangent drawn from it to the circum-
ference shall be of given length.

180. Two circles have the same centre: shew that all

chords of the outer circle which touch the inner circle are
equal.

181. Through a given point draw a straight line so that

the part intercepted by the circumference of a given circle

shall be equal to a given straight line not greater than the
diameter.

182. Two tangents are drawn to a circle at the oppo-
site extremities of a diameter, and cut off from a third

tangent a portion AB: if G be the centre of the circle

shew that ACB is a right angle.

183. Describe a circle that shall have a given radius
and touch a given circle and a given straight line.

184. A circle is drawn to touch a given circle and a
given straight line. Shew that the points of contact are

always in the same straight line with a fixed point in the
circumference of the given circle.

185. Draw a straight line to touch each of two given
circles.

186. Draw a straight line to touch one given circle so

that the part of it contained by another given circle shall

be equal to a given straight line not greater than the dia-

meter of the latter circle.

187. Draw a straight line cutting two given circles so

that i\vi chords intercepted within the circles shall have
given lengths.

188. A quadrilateral is described so that its sides

touch a circle : shew that two of its sides are together
equal to the other two sides.

189. Shew that no parallelogram can be described
about a circle except a rhombus.
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190. ABD, ACE are two straight lines touching i

circle at B and C, and if DE be joined DE is equal to BD
and CE together : shew that DE touches the circle.

191. If a quadrilateral be described about a circle the
angles subtended at the centre of the circle by any two
opposite sides of the figure are together equal to two
right angles.

192. Two radii of a circle at right angles to each other

when produced are cut by a straight line which touches the

circle: shew that the tangents drawn from the points of

section are parallel to each other.

193. A straight line is drawn touching two circles:

shew that the chords are parallel which join the points of

contact and the points where the straight line through the

centres meets the circumferences.

194. If two circles can be described so that each

touches the other and three of the sides of a quadrilateral

figure, then the difference between the sums of the opposite

sides is double the common tangent drawn across the quad-

rilateral.

195. AB is the diameter and C the centre of a semi>

circle : shew that O the centre of any circle inscribed in

the semicircle is equidistant from C and from the tangent

to the semicircle parallel to AB.
196. If from any point without a circle straight linee

be drawn touching it, the angle contained by the tangents

is double the angle contained by the straight line joining

the points of contact and the diameter drawn through one

of them.
197. A quadrilateral is bounded by the diameter of a

circle, the tangents at its extremities, and a third tangent:

shew that its area is equal to half that of the rectangle con-

tained by the diameter and the side opposite to it.

198. If a quadrilateral, ha\'ing two of its sides parallel,

bo described about a circle, a straight line drawn through

the centre of the circle, parallel to either of the two paral-

lel sides, and terminated by the other two sides, shall be
equal to a fourth part of the perimeter of the figure.

199. A series of circles touch a fixed straight line at

a fixed point : shew that the tangents at the points where
they cut a parallel fixed straight line all touch a fixed circle.

200. 'Of all striiglit lines which can be drawn from two
given points to meet in the convex circumference of a
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given circle, the sum of the two is least which make equal

angles with the tangent at the point of concourse.

201. G is the centre of a given circle, CA a radius, B
a point on a radius at right angles to CA

;
join AB and

produce it to meet the circle again at D, and let the tan-

gent at D meet CB produced at E: shew that BDE is an
isosceles triangle.

202. Let the diameter BA of a circle be prodiiced to

P, so that AP equals the radius ; through A draw the
tangent A ED, and from P draw PEC touching the circle

at G and meeting the former tangent at E\ join BC and
prodiice it to meet AED at D : then will the triangle

DEC be equilateral.

III. 20 to 22.

203. Two tangents AB, AC are drawn to a circle;
D is any point on the circumference outside of the triangle
ABC: shew that the sura of the angles ABD and AGD
is constant.

204. P, Q are any points in the circumferences of two
segments described oji tlie same straight line AB, and on
the same side of it ; the anules PAQ, PBQ are bisected

by the straight lines AR, BR meeting at R : shew that the

inglp ARB is constant.

205. Two segments of a circle are on the same base

AB, and Pis any point in the circumference of one of the

segments; the stiaight lines APD, BPC are drawn meet-
ing the circumference of the otlier segment at D and G;
AC aiud BD are drawn intersecting at Q. Shew that the
angle AQB is constant.

206. APB is a fixed chord passing through P a point

of intersection of two circles A QP, PBR ; and QPR is

any other chord of the circles passing through P: shew
fchat AQ and RB when produced meet at a constant
angle.

207. AOB is a triangle; C and D are points in BO
Uid AO respectively, such tliat the angle ODC is equal to

the angle DBA : shew that a circle may bo described
SJWmd the quadrilateral ABCD.
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208. ABCD is a quadrilateral inscribed in a circle, and
tie sides ^^, CD when produced meet at O: shew that
.he triangles AOG, BOD are equiangular.

209. Shew that no parallelogram except a rectangle
rxxi be inscribed in a circle.

210. A ti-iangle is inscribed in a circle: shew that the
sum of the angles in the three segments exterior to the
riangle is equal to four right angles.

211. A quadrilateral is inscribed in a circle: shew
that the sum of the angles in the f(3ur segments of the circle

exterior to the quadrilateral is equal to six right angles.

212. Divide a circle into two parts so that the angle
contained in one segment shall be equal to twice the angle
contained in the other.

213. Divide a circle into two parts so that the angle
contained in one segment shall be equal to five times the
angle contained in the other.

214. If the angle contained by any side of a quadri-
lateral and the adjacent side produced, be equal to the
opposite angle of the quadrilateral, shew that any side of

the quadrilateral will subtend equal angles at the opposite

angles of the quadrilateral.

215. If any two consecutive sides of a hexagon inscribed

in a circle be respectively parallel to their opposite sides,

the remaining sides arc parallel to each otlicr.

216. A, B, C, D aro four points taken in order on th«

circumference of a circle ; (lio straight lines AB, CD pro-

duced intersect at P, and AD, BG at Q : shew that tha

straight lines which respectively bisect the angles AP{\
AQG ure perpendicular to each other.

217. If a quadrilateral be inscribed in a circle, and w

straight line be drawn making equal angles with one pai

of opposite sides, it will make equal angles with the otlie

pair.

218. A quadrilateral can have one circle inscribed u
it and another circumscribed about it : shew that th»

straight lines joining the opposite points of contact of th»

inscribed circle are per2)endicular to each other.

III. 23 to 30.

219. The straight lines joining the extremities of the

diords of two equal arcs of a circle, towards the same part*

are parallel to each other.
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220. The straiyliL lines in a circle wliich join tlic ex-
tremities of two parallel chords are equal to eacii other.

221. AB is a common chord of two circles ; through C
any point of one circumference straight lines GAD, CBE
are drawn terminated by the other circumference: shew
that the arc DE is invariable.

222. Through a point G in the circumference of a circle

two straight lines AGB, DGE are drawn cutting the circle

at B and E: shew that the struiglit line which bisects the
angles AGE, DGB meets the circle at a point equidistant
from B and E.

223. The straight lines bisecting any angle of a quadri-
lateral inscribed in a circle and the opposite exterior angle,
meet in the circumforcnce of the circle.

224. yli? is a diameter of a circle, and D is a given
point on the circumference, such that the arc DB is less

than half the arc DA : draw a chord DE on one side of

AB so that the arc EA may be throe times the arc BD.
225. From A and B two of the angular points of a

triangle ABG, straight lims are drawn so as to meet the
opposite sides at P and Q m given equal angles: shew
:hat the straight lino joining P and Q, will be of the same
length in all triangles on the same base AB, and having
vertical angles equal to C.

226. If two equal circles cut each other, and if through
ne of the points of intersection a straight line bo drawn
terminated by the circles, the straight lines joining its

extremities with the other point of intersection are equal.

227. OA, OB, OG are three cliords of a circle; the
angle AOB is equal to the angle BOG, and OA is nearer

to the centre than OB. From B a i)crpcndicular is drawn
on OA, meeting it at P, and a jierpendicular on OG pro-

duced, meeting it at (? : shew that A P is e<|ual to GQ.
228. AB is a given finite straiglit line; througli

A two indefinite straight lines arc drawn equally inclined

to AB ; any circle passing through A and B meets these
straight lines at L and M. Shew that if AB be between
AL and AM the sum o{ AL and AM is constant; if AB
be not between AL and A3f the diflference of ^Z and AM
id constant.

229. AOB and GOD are diameters of a circle at right
angles to each other; ^ is a point in the arc AG, and
EFG is a chord meeting GOD at F, and drawn in such a
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direction that EF is equal to the radius. Shew that the

arc BG is equal to three times the arc AE.
230. The straight lines which bisect the vertical angles

of all triangles on the same base and on the same side of

it, and having equal vertical angles, all intersect at the
same point.

231. If two circles touch each other internally, any
chord of the greater circle which touches the less shall

be divided at the point of its contact into segments which
subtend equal angles at the point of contact of the two
circles.

III. 31.

232. Right-angled triangles are described on the same
hj'potenuse: shew that the angular points opposite the

hypotenuse all lie on a circle described on the hypotenuse

as diameter.

233. The circles described on the equal sides of an

isosceles triangle as diameters, will intersect at the middle
point of the base.

234. The greatest rectangle which can be inscribed in

a circle is a square.

235. The hypotenuse AB oi 2i right-angled triangle

ABC is bisected at D, and EDF is drawn at right angles

to AB, and DE and DF are cut off each equal to DA
;

CE and CF are joined: shew that the last two straight

lines will bisect the angle C and its supplement respec-

tively.

236. On the side AB of any triangle ABC as diameter

a circle is described; EF is a diameter parallel to BG:
shew that the straight lines EB and FB bisect the interior

and exterior angles at B.

237. If AD., CE be drawn perpendicular to the sides

BC, AB of a triangle ABC, and DE be jomed, shew that

the angles ADE and AGE are equal to each other.

238. If two circles ABC, ABD intersect at A and B,
and AG, AD be two diameters, shew that the straight

line CD will pass through B.
239. If O be the centre of a circle and OA a radim

and a circle be described on OA as diameter, the circum-
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ference of this circle will bisect any chord drawn through

it from A to meet the exterior circle.

240. Describe a circle touching a given straight line at

a given point, such that the tangents drawn to it from two
given points in the straight line may be parallel.

241. Describe a circle with a given radius touching a
given straight line, such that the tangents drawn to it

from two given points in the straight line may be parallel.

242. If from the angles at the base of any triangle

perpendiculars are drawn to the opposite sides, produced
if necessary, the straight line joining the points of inter-

section will be bisected by a perpendicular drawn to it from
the centre of the base.

243. AD is a diameter of a circle ; B and Care points
on the circumference on the same side oi AD; a pei-pen-

dicular from D on EC produced through C, meets it at ^:
shew that the square on AD is greater than the sum of the
squares on AB, BC, CD, by twice the rectangle BC, CE.

244. AB is the diameter of a semicircle, P is a poiiit

on the circumference, PM is perpendicular to AB; on
AM, BM as diameters two semicircles are described, and
AP, BP meet these latter circumferences 2t,t Q, R: shew
that QR will be a common tangent to them.

245. AB,AC are two straight lines, B and C are given
points in the same; BD is drawn perpendicular to AG,
and DE perpendicular to AB ; in like manner CF is drawn
perpendicular to AB, and FG to AG. Shew that EG is

parallel to BC.
246. Two circles intersect at the points A and B, from

which are drawn chords to a point G in one of the circum-
ferences, and these chords, produced if necessary, cut the
other circumference at D and E: shew that the straight

line DE cuts at right angles that diameter of the circle

ABC which passes through G.

247. If squares be described on the sides and hy-

potenuse of a right-angled triangle, the straight line joining
the intersection of the diagonals of the latter square with
the right angle is perpendicular to the straight line joining
the intersections of the diagonals of the two former.

248. G is the centre of a given circle, GA a straight

Kne less than the radius; find the point of the circuift-

foreoce at which CA subtends the greatest angle.

16
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54S. AB \?, the diameter of a semicircle, D and E are

any two points in its circumference. Shew that if the
chords joining A and B with D and E each way intersect

at i^and G, then FG produced is at right angles to AB.

250. Two equal circles touch one another externally,

and through the point of contact chords are drawn, ono
to each circle, at right angles to each other: shew that

the straight line joining the other extremities of these

chords is equal and parallel to the straight line joining the

centres of the circles.

251. A circle is described on the shorter diagonal of a
rhombus as a diameter, and cuts the sides ; and the points

of intersection are joined crosswise with the extremities of

that diagonal : shew that the parallelogram thus formed
is a rhombus with angles equal to those of the first.

252. If two chords of a circle meet at a right angle

within or without a circle, the squares on their segment*
are together equal to the squares on the diameter.

III. 32 to 34.

253. B is a point in the circumference of a circle, whose
centre is C; PA, a tangent at any point P, meets CB
produced at A, and PD is dra>vn perpendicular to CB:
shew that the straight line PB bisects the angle APD.

254. If two circles touch each other, any straight line

drawn through the point of contact will cut off similar seg-

ments.

255. AB'\?, any chord, and ylZ> is a tangent to a circle

at A. DPQ is *ny straigiit line parallel to AB, meeting
the circumference at P and Q. Shew that the triangle

PAD is equiangular to the triangle QAB.

256. Two circles ABDH, ABG, intersect each other

at the points A, B; from B a straight line BD is drawn in

the one to touch the other; and from A any chord what-

ever is drawn cutting the circles at G and.ff': shew that

BG is parallel to DH.
257. Two circles intersect at A and B. At A tha

tangents AC, AD are drawn to each circle and terrainatoa
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by the circumference of the other. If CB, BD be joined,
shew that AB or AB produced, if necessary, bisects the

angle CBD.
258. Two circles intersect at A and B, and througt

P any point in the circumference of one of thcna tli(

chords PA and PB are drawn to cut the other circle al

C and D: shew that CD is parallel to the tangent at P.

259. If from any point in the circumference of a circle

a chord and tangent be drawn, the perpendiculars droppec
on them from the middle point of the subtended arc ar(

equal to one another.

260. AB is any chord of a circle, P any point on th<

circumference of the circle ; PM is a perpendicular on AL
and is produced to meet the circle at Q ; and ^iVis drawi
perpendicular to the tangent at P : shew that the triangl

NAM is equiangular to the triangle PAQ.
261. Two diameters AOB, COD of a circle are a*

right angles to each other; P is a point in the circum-

ference; the tangent at P meets COD produced at Q,
and AP, BP meet the same line at R, S respectively:

hew that RQ is equal to SQ
262. Construct a triangle, having given the base, the

vertical angle, and the point in the base ou which the per-

pendicular falls.

263. Construct a triangle, having given the base, the

vertical angle, and the altitude.

264. Construct a triangle, having given the base, the

vertical angle, and the length of the straight line drawn
from the vertex to the middle point of the base.

265. Having given the base and the vertical angle of a

triangle, shew that the triangle will be greatest when it is

isosceles.

266. From a given point A vrithout a circle whos«
centre is draw a straight line cutting the circle at the

points B and C, so that the area BOC may be the greatest

possible.

267. Two straight lines containing a constant angle

always pass through two fixed points, their po.-ition beinj^

otherwise unrestricted: shew that the straight line bisecU

tag the angle always passes through one or other of two
fixed points.

268. Given one angle of a triangle, the side opposite
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it, and the sum of the other two sides, construct the
triangle.

III. 35 to 37.

269. If two circles cut one another, the tangents drawn
to the two circles from any point in the common chora
produced are equal.

270. Two circles intersect at A and B : shew that AB
produced bisects their common tangent.

271. If AD, CE are drawn perpendicular to the sides
BC, AB of a triangle ABC, shew that the rectangle con-
tained by BC and BD is equal to the rectangle contained
by BA and BE.

272. If through any point in the common chord of two
circles which intersect one another, there be drawn any two
other chords, one in each circle, their four extremities shall

all lie in the circumference of a circle.

273. From a given point as centre describe a circle

cutting a given straight line in two points, so that the rect-

angle contained by their distances from a fixed point in the
straight line may be equal to a given square.

274. Two circles ABGD, EBCF, having the common
tangents AE and DF, cut one another at B and C, and
the chord BC is produced to cut the tangents at G and H

:

shew that the square on ^.ff" exceeds the square on AE or

DF by the square on BC.

275. A series of circles intersect" each other, and are

such that the tangents to them from a fixed point are

equal : shew that the straight lines joining the two points

erf intersection of each pair will pass through this point.

276. ABC is aright-angled triangle; from any point
D in the hypotenuse BC a straight line is drawn at right

angles to BC meeting CA at E and BA produced at F:
shew that the square on DE is equal to the diflference of

the rectangles BD, DC and AE, EC; and that the square
on DF is equal to the sum of the rectangles BD^ DC and
AF, FB.

277. It is required to find a point in the straight line

which touches a circle at the end of a given diameter, such

that when a straight line is drawn from thia point to the

other extremity of the diameter, the rectangle contained
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by the part of it without the circle and the part within
thio circle may be equal to a given square not greater than
that on the diameter.
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